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@ Basics of lterative Methods

@ Splitting-schemes
@ Jacobi- u. Gau3-Seidel-scheme
o Relaxation methods

@ Methods for symmetric, positive definite Matrices
e Method of steepest descent
@ Method of conjugate directions
e CG-scheme
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@ Multigrid Method
@ Smoother, Prolongation, Restriction

e Twogrid Method and Extension

@ Methods for non-singular Matrices
e GMRES

e BICG, CGS and BiCGSTAB

@ Preconditioning
o ILU, IC, GS, SGS, ...
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Projection method & Krylov subspace approach

We consider
Ax =D

with given data A € R™" b e R".

Splitting methods Projection methods

Looking for Looking for
approximations approximations

dmK, = m<n

Numerical algorithm Numerical algorithm
(orthogonality constraint)

dmL, =m<n
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Projection method & Krylov subspace approach

Example

A= |c R?%?
oKy = L4 (Orthogonal projection method)
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Projection method & Krylov subspace approach

Example

A= |c R?%?
oKy = L4 (Orthogonal projection method)

o K1 # L (Skew projection method)
CUQA
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Projection method & Krylov subspace approach

Krylov subspace approach:

Projection method based on
Kn = Km(A, ro) = span{ry, Ary, ..., A"y},

with r; = b — Axg Is called Krylov subspace method
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Methods for symmetric, positive definite matrices

Basic idea:

Minimize the function

F(x) = %(Ax, x) — (b, x)

with respect to specific search directions
Lo, P1, ... € Rn\{o}

Procedure:

@ Choose xp € R" and pg, p1, ... € R"\{0}.
@ Form=0,1,... we calculate x,,,1 such that

F(Xm+1) < F(y) Yy € Xm + span{pm}

= Xm1 = arg min F(Xm + APm)

-~

— me,pm()\)

Andreas Meister (University of Kassel) lterative Solvers Conjugate Gradient Method 8/13



Methods for symmetric, positive definite matrices

Questions:
@ Does x* = A~'b represent the global minimum of F?  Yes
© How do we calculate A e R ?

Concerning 1)

FOO = o(Axx) — (b.x)
— VF(x) = %(A—I—AT)X— b
A sy:mm. Ax — b

— V2F(x) =A ARSC Fis a convex mapping

VF(x)=0 <<= x=Ab
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Methods for symmetric, positive definite matrices

Questions:
@ Does x* = A~ 'b represent the global minimum of F? Yes

@ Howdowecalculate \c R? )= (b — AXm, Pm)
(Apm, pm)
Conc. 2) 1

fp(A) = S(AX+AD), X +Ap) — (b, X + Ap)

1
= F(X)+ \(Ax = b,p) + ;X*(Ap. p)

fxp(A) = (Ax —b,p)+ A(Ap,p)
fp(\) = (Ap,p) >0 fir p+#0
@ Thus, fy p Is convex and the optimal A is given in the form

b T AX7 p)
(Ap, p)

/

f (A):O<:>>\:(

X,0
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Methods for symmetric, positive definite matrices

Residual
The vector r = b — Ax is called residual (vector).

Algorithm:
@ Choose xp € R” and pg, py, ... € R"\{0}
@ Form=0,1,...

frm = b — Axn
)\m _ (fm, pm)
(APm, Pm)
Xm+1 = Xm+ AmPm

Problem:

Specification of the search direction pg, p1, ... .
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Method of steepest descent

Basic idea:

Choose the optimal search direction in the local sense

pm = —VF(xm) = —(AxXm — b) = rn,

Normalizing the search direction:

~

1Pmll2 [rmll2

P

Stopping criterion: r,p; = 0
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Method of steepest descent

Algorithm:

@ Choose xg € R”
@ Form=0,1,...

f £y £ O
L i3
m (Arm, I'm)
Xm+1 = Xm+ AmIm
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