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@ Basics of Iterative Methods

@ Splitting-schemes

@ Jacobi- u. Gau3-Seidel-scheme
o Relaxation methods

@ Methods for symmetric, positive definite Matrices

e Method of steepest descent
e Method of conjugate directions
e CG-scheme
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@ Multigrid Method
@ Smoother, Prolongation, Restriction

e Twogrid Method and Extension

@ Methods for non-singular Matrices
e GMRES

@ BICG, CGS and BiCGSTAB

@ Preconditioning
o ILU, IC, GS, SGS, ...
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Projection method & Krylov subspace approach

We consider
Ax =D

with givendata A€ R™" be R".

Splitting methods Projection methods

Looking for Looking for
approximations approximations

dmK, =m<n

Numerical algorithm Numerical algorithm
(orthogonality constraint)
Xm+i1 = Mxm + Nb b—Ax, L L, C R"

dmLy,=m<n
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Methods for non-singular Matrices

Method of conjugate gradients (CQ)
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Methods for non-singular Matrices

Method of conjugate gradients (CQ)

.

Generalized Minimal Residual
method (GMRES)
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Methods for non-singular Matrices

Method of conjugate gradients (CQ)

— .

Bi-conjugate gradients Generalized Minimal Residual
method (BiCQG) method (GMRES)
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Methods for non-singular Matrices

Method of conjugate gradients (CQ)

— .

Bi-conjugate gradients Generalized Minimal Residual
method (BiCQG) method (GMRES)

BiCG-Method
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Methods for non-singular Matrices

Method of conjugate gradients (CQ)

— .

Bi-conjugate gradients Generalized Minimal Residual
method (BiCQG) method (GMRES)

BiCG-Method

/

CG-Squared method
(CGS)
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Methods for non-singular Matrices

Method of conjugate gradients (CQ)

/

.

Bi-conjugate gradients
method (BiCQG)

Generalized Minimal Residual
method (GMRES)

BiCG-Method

/

.

CG-Squared method
(CGS)

Bi-CG Stabilized method
(BICGSTAB)
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Methods for non-singular Matrices

Method of conjugate gradients (CQ)

.

Generalized Minimal Residual
method (GMRES)
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Generalized Minimal Residual (GMRES)

Basic idea:
@ Search for x,, =arg min  F(x)
xXeXo+Km
— Ky =span{ry, Arg, ..., A"y}
@ Instead of

F(x) = %(Ax, x) — (b, x) [CG — method]

we introduce
F(x) = ||b— Ax||5
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Generalized Minimal Residual (GMRES)

Basic idea:
@ Search for x,, =arg min  F(x)
xXeXo+Km
— Ky =span{ry, Arg, ..., A"y}
@ Instead of

F(x) = %(Ax, x) — (b, x) [CG — method]

we introduce
F(x) = [Ib— Ax]3
Properties and Consequences:
@ ||y]| >0, Vy €eR"and ||y|| =0 & y = 0 yield

F(x)>0and F(x) =0 b-Ax=0sx=A"b
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Generalized Minimal Residual (GMRES)

Basic idea:
@ Search for x,, =arg min  F(x)
xXeXo+Km
— Ky =span{ry, Arg, ..., A"y}
@ Instead of

F(x) = %(Ax, x) — (b, x) [CG — method]

we introduce
F(x) = [Ib— Ax]3
Properties and Consequences:
@ ||y]| >0, Vy €eR"and ||y|| =0 & y = 0 yield

F(x)>0and F(x) =0 b-Ax=0sx=A"b

—> Skew Krylov subspace method
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Generalized Minimal Residual (GMRES)

Procedure:
@ Calculate an ONB vy, ..., vy of Ky
@ Write x;,; € xg + Kpy in the form
m
Xm = Xo +Zajvj = Xg + Vma'™
j=1
where Vi, = (vi...vp) eR™™ o™ = (aq,...,am)" € R™
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Generalized Minimal Residual (GMRES)

Procedure:

@ Calculate an ONB vy, ..., vy of Ky
@ Write X, € xg + K in the form

X :x0+Zaj\/j = Xg + Vma'™
J=1
where Vi, = (vi...vp) eR™™ o™ = (aq,...,am)" € R™

Consequence:

@ Find x, € xg + Km C R" satisfying

F(xm) < F(x) :=||b— Ax||5 Vx € X9+ Kn
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Generalized Minimal Residual (GMRES)

Procedure:

@ Calculate an ONB vy, ..., vy of Ky
@ Write X, € xg + K in the form
m

where Vi, = (vi...vp) eR™™ o™ = (aq,...,am)" € R™
Consequence:

@ Find x, € xo + Km C R” satisfying
F(xm) < F(x) :=||b— Ax||5 Vx € X9+ Kn

—
@ Find o™ € R satisfying

J(a™) < J(a) = ||b— A(xg + Vma)|la Va e R™
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Orthonomal basis (ONB) — Arnoldi-Algorithm

Sought after:
ONB vy, ..., vy of Krylov subspace K, = span{ry, Ary, ..., A" ry}
Assume: vy, ..., v; represents an ONB of K for j < m

Aim: Calculation of v, 1
|dea:
AK; = Aspan{rny,Arn,...,Ar} = span{An, Ary,..., Ay}
C span{ry,Ary,..., A} = K
and
AK; = A span{vy,...,Vj} = span{Avy, ..., Av;}

Conclusion:

Use Ay; for the calculation of v;_
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Orthonomal basis (ONB) — Arnoldi-Algorithm

Ansatz:

Vis1 = Ay, + € with € € Kj = span{vy,...,V}
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Orthonomal basis (ONB) — Arnoldi-Algorithm

Ansatz:

Vis1 = Ay, + € with € € Kj = span{vy,...,V}

Using the formulation

f j
gz_zhifviﬂ hjeR = Vj+1=AVj—Zh,-jv,-
=1

=1
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Orthonomal basis (ONB) — Arnoldi-Algorithm

Ansatz:

Vis1 = Ay, + € with € € Kj = span{vy,...,V}

Using the formulation

f j
gz_zhifviﬂ hjeR = Vj+1=AVj—Zh,-jv,-
=1

=1

Orthogonality:
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Orthonomal basis (ONB) — Arnoldi-Algorithm

Ansatz:

Vis1 = Ay, + € with € € Kj = span{vy,...,V}

Using the formulation

f j
gz_zhifviﬂ hjceR = Vj+1=AVj—Zh,-jv,-
=1

=1

Orthogonality: Fors =1,...,J:

0 = (Vs V1)
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Orthonomal basis (ONB) — Arnoldi-Algorithm

Ansatz:

Vis1 = Ay, + € with € € Kj = span{vy,...,V}

Using the formulation

J J
—Zh,-jv,-, h/jER — Vi1 :AVj—Zh,’jVi
i=1 E

Orthogonality: Fors =1,...,J:

!
0 = (V37 Vj—|—1 — (V37Avj Z hlj Vs, VI
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Orthonomal basis (ONB) — Arnoldi-Algorithm

Ansatz:

Vis1 = Ay, + € with € € Kj = span{vy,...,V}

Using the formulation

f j
gz_zhifviﬂ hjceR = Vj+1=AVj—Zh,-jv,-
=1

=1

Orthogonality: Fors =1,...,J:

J
. ONB
0 = (VoVjr1) = (Vs AV)) — D hj(vs, vi) = (Vs, AV)) — hgj (Vs, Vs)

=1 ™
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Orthonomal basis (ONB) — Arnoldi-Algorithm

Ansatz:

Vis1 = Ay, + € with € € Kj = span{vy,...,V}

Using the formulation

f j
gz_zhifviﬂ hjceR = Vj+1=AVj—Zh,-jv,-
=1

=1

Orthogonality: Fors =1,...,J:

J
. ONB
0 = (VoVjr1) = (Vs AV)) — D hj(vs, vi) = (Vs, AV)) — hgj (Vs, Vs)

— hsj = (Vs,AV}), s=1,...,j
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Orthonomal basis (ONB) — Arnoldi-Algorithm

Ansatz:

Vis1 = Ay, + € with € € Kj = span{vy,...,V}

Using the formulation

f j
gz_zhifviﬂ hjceR = Vj+1=AVj—Zh,-jv,-
=1

=1

Orthogonality: Fors =1,...,J:

J
. ONB

0 = (VoVjr1) = (Vs AV)) — D hj(vs, vi) = (Vs, AV)) — hgj (Vs, Vs)
— hsj = (Vs,AV}), s=1,...,j

Concluding:

Vi+1 has to be normalized
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Orthonomal basis (ONB) — Arnoldi-Algorithm

Arnoldi-Algorithm

Tn

i =
lral=

Far 3 =1,...,m

Fir ¢ =1,... 5
h-,:__;i . Eﬂi:-‘qﬂ_jjg frlLEEEI:I
J
H.J_;i . Ai‘.i'_;i — Zh:?-_;iﬂi (4331]
i=l
Rigry o= ez (4.3.32)

(4.3.33)| Ysr =0
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Orthonomal basis (ONB) — Arnoldi-Algorithm

Disadvantage: Increasing storage requirements for

Helpful properties:

(1) Hp = VAV, with Hp= | ¢

11/50
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Orthonomal basis (ONB) — Arnoldi-Algorithm

Helpful properties:

(3) Orthogonal matrix Qn = Gny - ... - Gy € RUMDXM1)(Givens)with

QmHm = Rm with Ry = (o R”’ o) c R(m+1)xm
(f1 o o )
Rim = O _ c R™™ non-singular
\ 0 ... 0 rn;m)

(4) B consists of orthonormal columns

= [IBxl2 = [x]l2-
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Generalized Minimal Residual (GMRES)

@ Find o™ € R" satisfying
J(a™) < J(a) = ||b— A(xg + Vna)|la Va € R™

Andreas Meister (University of Kassel) lterative Solvers GMRES, BiCG and Variants 13/50



Generalized Minimal Residual (GMRES)

@ Find o™ € R" satisfying
J(a™) < J(a) = ||b— A(xg + Vna)|la Va € R™

o Introducing g=(g1, . .-, 9m+1)" :==Qm(|[roll2€1), €1 =(1,0...,0)7
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Generalized Minimal Residual (GMRES)

@ Find o™ € R" satisfying
J(a™) < J(a) = ||b— A(xg + Vna)|la Va € R™

o Introducing g=(g1, . .-, 9m+1)" :==Qm(|[roll2€1), €1 =(1,0...,0)7
J(«) — 16— A(Xg + Vima)||2
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Generalized Minimal Residual (GMRES)

@ Find o™ € R" satisfying
J(a™) < J(a) = ||b— A(xg + Vna)|la Va € R™

o Introducing g=(g1, . .-, 9m+1)" :==Qm(|[roll2€1), €1 =(1,0...,0)7

I’oZb_—AXO

Ja) = Ib=-Alxo+ Vna)ll2 ™ =
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Generalized Minimal Residual (GMRES)

@ Find o™ € R" satisfying
J(a™) < J(a) = ||b— A(xg + Vna)|la Va € R™

o Introducing g=(g1, . .-, 9m+1)" :==Qm(|[roll2€1), €1 =(1,0...,0)7

r=b—Axy

Jla) = Ib=Alxo+ Vma)lz = =" [l — AVmall2
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Generalized Minimal Residual (GMRES)

@ Find o™ € R" satisfying
J(a™) < J(a) = ||b— A(xg + Vna)|la Va € R™

o Introducing g=(g1, . .-, 9m+1)" :==Qm(|[roll2€1), €1 =(1,0...,0)7
J(Ck) — Hfo —AVmOéHQ
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Generalized Minimal Residual (GMRES)

@ Find o™ € R" satisfying
J(a™) < J(a) = ||b— A(xg + Vna)|la Va € R™

o Introducing g=(g1, . .-, 9m+1)" :==Qm(|[roll2€1), €1 =(1,0...,0)7
J(Ck) — Hfo —AVmOéHQ

= llnllzvi = AVmallz
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Generalized Minimal Residual (GMRES)

@ Find o™ € R" satisfying
J(a™) < J(a) = ||b— A(xg + Vna)|la Va € R™

® Introducing g=(91,---,gm+1)" :=Qm(l[rol2€1), € = (1,0...,0)"
J(«) =

2
lrollavs — AVmalls 2
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Generalized Minimal Residual (GMRES)

@ Find o™ € R" satisfying
J(a™) < J(a) = ||b— A(xg + Vna)|la Va € R™

® Introducing g=(91,---,gm+1)" :=Qm(l[rol2€1), € = (1,0...,0)"
J(«) =

2 -
lrollzvi — AVimallz 2 Vi1 (Iroll2e1 — Hma)2
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Generalized Minimal Residual (GMRES)

@ Find o™ € R" satisfying
J(a™) < J(a) = ||b— A(xg + Vna)|la Va € R™

® Introducing g=(91,---,gm+1)" :=Qm(l[rol2€1), € = (1,0...,0)"
J(«) =

| Vst (l[rol]2€4 —ﬁma)Hg

(4)
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Generalized Minimal Residual (GMRES)

@ Find o™ € R" satisfying
J(a™) < J(a) = ||b— A(xg + Vna)|la Va € R™

® Introducing g=(91,---,gm+1)" :=Qm(l[rol2€1), € = (1,0...,0)"
J(«) =

4 _
D Qn(lnolzer — Hma)l:
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Generalized Minimal Residual (GMRES)

@ Find o™ € R" satisfying
J(a™) < J(a) = ||b— A(xg + Vna)|la Va € R™

® Introducing g=(91,---,gm+1)" :=Qm(l[rol2€1), € = (1,0...,0)"
J(«) =

|Qm(lIroll261 — Hma)ll2 = [lg — QmHma|2
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Generalized Minimal Residual (GMRES)

@ Find o™ € R" satisfying
J(a™) < J(a) = ||b— A(xg + Vna)|la Va € R™

® Introducing g=(91,---,gm+1)" :=Qm(l[rol2€1), € = (1,0...,0)"
J(«) =

= [lg — QmHmallz
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Generalized Minimal Residual (GMRES)

@ Find o™ € R" satisfying
J(a™) < J(a) = ||b— A(xg + Vna)|la Va € R™
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Generalized Minimal Residual (GMRES)

@ Find o™ € R" satisfying
J(a™) < J(a) = ||b— A(xg + Vna)|la Va € R™

® Introducing g=(91,---,gm+1)" :=Qm(l[rol2€1), € = (1,0...,0)"
J(«) =
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Generalized Minimal Residual (GMRES)

@ Find o™ € R" satisfying
J(a™) < J(a) = ||b— A(xg + Vna)|la Va € R™

® Introducing g=(91,---,gm+1)" :=Qm(l[rol2€1), € = (1,0...,0)"
J(«) =

= |Gm+1]

I
|
N\

o
Sy
.3
o
N—_
Q
AV
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Generalized Minimal Residual (GMRES)

@ Find o™ € R satisfying
J(a™) < J(a) = ||b—A(xg + Vna)|ls Vo € R™

91
@ J(a) :

R .
_ (Om0> all > |gmet] with g = Qm(|inll2e1)
Im+1 2
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Generalized Minimal Residual (GMRES)

@ Find o™ € R satisfying
J(a™) < J(a) = ||b—A(xg + Vna)|ls Vo € R™

g1
R .
o u@) = | i |~ (o) e =loml with g = Qnlirleer

gm+1 2

@ Optimal «:
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Generalized Minimal Residual (GMRES)

@ Find o™ € R satisfying
J(a™) < J(a) = ||b—A(xg + Vna)|ls Vo € R™

g1 B
o u@) = | i |~ (o) e =loml with g = Qnlirleer
gm+1 2
@ Optimal «:
g1
o =Ry' |
9m
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Generalized Minimal Residual (GMRES)

@ Find o™ € R satisfying
J(a™) < J(a) = ||b—A(xg + Vna)|ls Vo € R™

91 B
o u@) = | i |~ (o) e =loml with g = Qnlirleer
gm+1 2
@ Optimal «:
91
o =Ry' |
9m
@ Residual
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Generalized Minimal Residual (GMRES)

@ Find o™ € R satisfying
J(a™) < J(a) = ||b—A(xg + Vna)|ls Vo € R™

91 B
o u@) = | i |~ (o) e =loml with g = Qnlirleer
gm+1 2
@ Optimal «:
91
o =Ry' |
9m
@ Residual
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Algorithm — GMRES

Choose xp € R", calculate rp = b — Axg
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Algorithm — GMRES

Choose xp € R", calculate rp = b — Axg

For j=1,...,n
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Algorithm — GMRES

Choose xp € R", calculate rp = b — Axg

For j=1,...,n
Extend ONB V; (Arnoldi)
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Algorithm — GMRES

Choose xp € R", calculate rp = b — Axg

For j=1,...,n
Extend ONB V; (Arnoldi)
Extend H;_1 zu H; (Arnoldi)
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Algorithm — GMRES

Choose xp € R", calculate rp = b — Axg

For j=1,...,n
Extend ONB V; (Arnoldi)
Extend H;_1 zu H; (Arnoldi)
Calculate R; = Q/H, (Givens)
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Algorithm — GMRES

Choose xp € R", calculate rp = b — Axg

For j=1,...,n
Extend ONB V; (Arnoldi)
Extend H;_1 zu H; (Arnoldi)
Calculate R; = Q/H, (Givens)
Calculate (g1,...,gi41)" = ||n|l2Qe (Givens)

Andreas Meister (University of Kassel) lterative Solvers GMRES, BiCG and Variants 15/50



Algorithm — GMRES

Choose xp € R", calculate rp = b — Axg

For j=1,...,n
Extend ONB V; (Arnoldi)
Extend H;_1 zu H; (Arnoldi)
Calculate R; = Q/H, (Givens)
Calculate (g1,...,gi41)" = ||n|l2Qe (Givens)
If |giv1| < e (given tolerance)
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Algorithm — GMRES

Choose xp € R", calculate rp = b — Axg

For j=1,...,n
Extend ONB V; (Arnoldi)
Extend H;_1 zu H; (Arnoldi)
Calculate R; = Q/H, (Givens)
Calculate (g1,...,gi41)" = ||n|l2Qe (Givens)
If |giv1| < e (given tolerance)

od =R (g1,....9)"
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Algorithm — GMRES

Choose xp € R", calculate rp = b — Axg

For j=1,...,n
Extend ONB V; (Arnoldi)
Extend H;_1 zu H; (Arnoldi)
Calculate R; = Q/H, (Givens)
Calculate (g1,...,gi41)" = ||n|l2Qe (Givens)
If |giv1| < e (given tolerance)

o =R Y(gs,....q)"
X =X+ Vio!
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Algorithm — GMRES

Choose xp € R", calculate rp = b — Axg

For j=1,...,n
Extend ONB V
Extend H;_1 zu H;
Calculate R; = Q;H;
Calculate (g1,...,gi41)" = ||n|l2Qe
If |gj+1] < e
o =R (gr,....g)"
X=X+ Vjo!
STOP

(given tolerance)

GMRES, BiCG and Variants

15/50
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Algorithm — GMRES

Choose xp € R", calculate rp = b — Axg

For j=1,...,n
Extend ONB V
Extend H;_1 zu H;
Calculate R; = Q;H;
Calculate (g1,...,g41)" = ||rn|l2Qe
If |gj+1] < e
o =R (g, g)"
X=X+ Vjo!
STOP

(given tolerance)

GMRES, BiCG and Variants

15/50
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Algorithm — GMRES

Choose xp € R", calculate rp = b — Axg

For j=1,..., m
Extend ONB V
Extend H;_1 zu H;
Calculate R; = Q;H;
Calculate (g1,...,g41)" = ||rn|l2Qe
If |gj+1] < e
o =R7(g1,-.,q)
X=X+ Vjo!
STOP

(m<<n)
(Arnoldi)
(Arnoldi)
(Givens)
(Givens)

(given tolerance)
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Algorithm — GMRES

Choose xp € R", calculate rp = b — Axg
Restart = 0

For j=1,..., m
Extend ONB V
Extend H;_1 zu H;
Calculate R; = Q;H;
Calculate (g1,...,g41)" = ||rn|l2Qe
If |gj+1] < e
o =R7(g1,.., )
X=X+ Vjo!
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(Arnoldi)
(Arnoldi)
(Givens)
(Givens)

(given tolerance)
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Algorithm — GMRES

Choose xp € R", calculate rp = b — Axg

Restart = 0
While Restart < Max. Restarts
Forj=1,..., m (m<< n)
Extend ONB V; (Arnoldi)
Extend H;_1 zu H; (Arnoldi)
Calculate R; = Q/H, (Givens)
Calculate (g1,...,g41)" = ||rn|l2Qe (Givens)
If |giv1| < e (given tolerance)

o =R Y(g1,....q)"
X=X+ Vio!
STOP
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Algorithm — GMRES

Choose xp € R", calculate rp = b — Axg

Restart = 0
While Restart < Max. Restarts
Forj=1,..., m (m<< n)
Extend ONB V; (Arnoldi)
Extend H;_1 zu H; (Arnoldi)
Calculate R; = Q/H, (Givens)
Calculate (g1,...,g41)" = ||rn|l2Qe (Givens)
If |giv1| < e (given tolerance)

o =R Y(g1,....q)"
X=X+ Vio!
STOP

o™ =Ry (G1,...,9m)"
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Algorithm — GMRES

Choose xp € R", calculate rp = b — Axg

Restart = 0
While Restart < Max. Restarts
Forj=1,..., m (m<< n)
Extend ONB V; (Arnoldi)
Extend H;_1 zu H; (Arnoldi)
Calculate R; = Q/H, (Givens)
Calculate (g1,...,g41)" = ||rn|l2Qe (Givens)
If |giv1| < e (given tolerance)

o =R Y(g1,....q)"
X=X+ Vio!
STOP

am = Rr;1(g17'°'7gm)7—
X = Xo+ Vpa
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Algorithm — GMRES

Choose xp € R", calculate rp = b — Axg

Restart = 0
While Restart < Max. Restarts
Forj=1,..., m (m<< n)
Extend ONB V; (Arnoldi)
Extend H;_1 zu H; (Arnoldi)
Calculate R; = Q/H, (Givens)
Calculate (g1,...,g41)" = ||rn|l2Qe (Givens)
If |giv1| < e (given tolerance)

o =R Y(g1,....q)"
X=X+ Vio!
STOP
a” =Ry (91, .. gm)"
X = Xo+ Vpa
Xo =X, lh=b— Axp
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Algorithm — GMRES

Choose xp € R", calculate rp = b — Axg

Restart = 0
While Restart < Max. Restarts
Forj=1,..., m (m<< n)
Extend ONB V; (Arnoldi)
Extend H;_1 zu H; (Arnoldi)
Calculate R; = Q/H, (Givens)
Calculate (g1,...,g41)" = ||rn|l2Qe (Givens)
If |giv1| < e (given tolerance)

o =R Y(g1,....q)"
X=X+ Vio!
STOP
a” =Ry (91, .. gm)"
X = Xo+ Vpa
Xo =X, lh=b— Axp
Increase Restart by 1
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Convection-Diffusion Equation

Governing Equation

B-Vu(x,y)—eAu(x,y)=0 on D=(0,1) x (0,1)

coSs %
4
B—Oz< > a,eERar

Yy
Sin z

with

Boundary Conditions

u(x,y) = x*+ y? for (x,y) € oD

Xi=i-hand yj=j-hfor j=0,... N+1, h=——
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Convection-Diffusion Equation

Discretization of Laplacian (Central Difference)

Discretization of convective part (Backward Difference)

ou 1
a(Xi,y/‘) ~ E(Ui,j — Ui—1,j)

ou 1
a—y(Xi,yj) ~ E(Ui,j — Ui,j—1)
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Convection-Diffusion Equation

Q € Matrix properties
Test1 | O 1 Symmetric, positive definite

Test2 | 0.1 | 1 | Non-symmetric, non-singular
Test3 | 1 | 0.1 | Non-symmetric, non-singular

@ Number of unknowns: 100 x 100 = 10000 (N = 100)
@ Stopping criterion: ||rj]|2 < 107'2|||
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Comparison of CG, GMRES and GMRES(m)

Test 1: Pure Diffusion (o« = 0, ¢

10

10

Il 11l
=) =)

—_
o

Andreas Meister (University of Kassel)

-2

|
£

|
()

|
[e)

Conjugate Gradient
= GMRES
e GMRES
GMRES(
(
(

— GMRES

)
)
)
—— GMRES(50)

20
30
40
50

1500 2000

Number of Iterations (j)

lterative Solvers

:| Conjugate Gradient — 100%

GMRES - 1549%

GMRES(20) - 1126%

GMRES(30) — 1014%

GMRES(40) - 962%

GMRES(50) - 1044%

0 500

1000 1500 2000 2500

CPU Time (%)
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Comparison of CG, GMRES and GMRES(m)

Test 2: Weak Convection-Diffusion (o = 0.1, e = 1)

10 - -
Conjugate Gradient
e GMRES
1072 = GMRES(20)
GMRES(30)
= GMRES(40)
GMRES(50)
107
_«N
2
~ 10
10°°
107"}
1 0_12 1 1 1 1
500 1000 1500 2000

Number of Iterations (j)

lterative Solvers

:| Conjugate Gradient — 100%

GMRES - 1247% 1

GMRES(20) - 787%

GMRES(30) — 703%

GMRES(40) - 682%

GMRES(50) — 716%

0 500

1000 1500 2000
CPU Time (%)

GMRES, BiCG and Variants
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Comparison of CG, GMRES and GMRES(m)

Test 3: Convection-Diffusion (a« =1, ¢ = 0.1)

10 T T
GMRES
GMRES(10) GMRES - 444%;
> GMRES(20)
10 ¢ GMRES(30)|]
GMRES(40)
» GMRES(10) - 201%
10" + 1
_C\l
2
= 10 GMRES(20) — 100%
10°
GMRES(30) - 115%
10 °F
GMRES(40) — 132%
10_12 1 1 1 1 1 1 1 1 1 1 1 1 1 1
200 400 600 800 1000 1200 1400 1600 0 100 200 300 400 500 600
Number of Iterations (j) CPU Time (%)
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Methods for non-singular Matrices

Method of conjugate gradients (CQ)

/

.

Bi-conjugate gradients
method (BiCQG)

Generalized Minimal Residual
method (GMRES)

BiCG-Method

/

.

CG-Squared method
(CGS)

Bi-CG Stabilized method
(BICGSTAB)

Andreas Meister (University of Kassel)
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Methods for non-singular Matrices

Method of conjugate gradients (CQ)

S

Bi-conjugate gradients
method (BiCG)
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Bi-conjugate gradient method (BiCG)

Method of conjugate gradients

GMRES-Method

Advantage : Short recurrence Advantage : Valid for non-singular
relations matrices
Disadvant. : Matrix A has to be Disadvant. : High comp. effort and

symmetric, pos. definite

storage requirements

\ /

BiCG-Method

Basis . Bi-orthogonal basis of K,
Advantage : Applicable to non-symmetric matrices
Short recurrence relations

Andreas Meister (University of Kassel) lterative Solvers

GMRES, BiCG and Variants
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Orthonomal basis (ONB) — Lanczos-Algorithm

@ Lanczos-Algorithm = Arnoldi-Algorithm for symmetric matrices A

(@ e
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Orthonomal basis (ONB) — Lanczos-Algorithm

Lanczos-Algorithm

T

oy = , cL:=0, vg:=0
|l7rall=

Par 1 =1,... . ,m

w, .= .:"3].5'.5'_;; — il

a; = [wj,t:j:lz

i'.ﬂ_;ii=i’.ﬂ_;i—l2-_;iﬂ_;i

i+l - = ||w;'||z
; 1
k Cit+1 7 A
Vipl = = i1 =10
E_;i+]_
STOF
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Bi-orthonormal basis — BiLanczos-Algorithm

Definition: Bi-orthonormal

The vectors vy,...,.v;m € R" and wy, ..., wy, € R” are called
bi-orthonormal, if

(V/,Vl/j)=5/j,i,j=1,...,m

holds. J
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Bi-orthonormal basis — BiLanczos-Algorithm

Definition: Bi-orthonormal

The vectors v4,...,Vm €R” and wy, ..., wy, € R” are called

bi-orthonormal, if
(V,',Wj) 25,'/', i,jz 1,...,m

holds. J

Simultaneous calculation of bi-orthonormal bases

Vi,...,Vm Of Ky =span{rgy,...,A™ 'y}

Wi,...,Wn of KI =span{rg, ATro,...,(AT)™ Iy} .
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Bi-orthonormal basis — BiLanczos-Algorithm

Simultaneous calculation of bi-orthonormal bases

Vi,...,Vm of Kpn=span{r,...,A" 1},

wy,...,Wm of KI=span{r,A'ry,....,(A1)Y" ).

Effect:

@ No symmetry constraint, BiLanczos = Lanczos, if A symmetric
@ Vq,...,Vn are not orthonormal

( | 0 )

\ 0 .. )
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Biorthonomal basis — BiLanczos-Algorithm

BiLanczos-Algorithm

Bi-Lanczos- Algorithmus —

FrL” = .i'r”.l =]

oy = Wy = ]

v =Wy 1= — (4.348)

hij = {w; Av;)s (4.349)
vy = Avy —hyuy —hyog o (4.3.50)
wiyy 1= Alw; — hjw; — by w;_ (4.3.51)
Ryt = [(vjwi)e /3

hivig # 0
v . i+Lli F A

(o, s )
hyjv1:= %ﬁ“j (4.3.52) | fjjer =10
41
i 1] =1
Vi1 == i+l (4.3.53) i
'rr_.'-H._.l .
N w_l..|.|_ =1
_ Wi wr.
‘H'.:'_l..|.l = l:_4-|5.|:|4:|
By STOP
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BiCG-Algorithm

@ Ansatz: Skew Krylov subspace method based on

b—Axm L K and xm € xg + K .

@ Reason for short recurrence relations?
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BiCG-Algorithm
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b—Axm L K and xm € xg + K .

@ Reason for short recurrence relations?

Bilanczos-Algorithmus
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BiCG-Algorithm

@ Ansatz: Skew Krylov subspace method based on

b—Axm L K and xm € xg + K .

@ Reason for short recurrence relations?

Bilanczos-Algorithmus

1
BiCG-Methode
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BiCG-Algorithm

@ Ansatz: Skew Krylov subspace method based on

b—Axm L K and xm € xg + K .

@ Reason for short recurrence relations?

Bilanczos-Algorithmus Arnoldi-Algorithmus

1
BiCG-Methode
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BiCG-Algorithm

@ Ansatz: Skew Krylov subspace method based on

b—Axm L K and xm € xg + K .

@ Reason for short recurrence relations?

Bilanczos-Algorithmus Arnoldi-Algorithmus
3 3
BiCG-Methode FOM

Andreas Meister (University of Kassel) lterative Solvers GMRES, BiCG and Variants



BiCG-Algorithm

@ Ansatz: Skew Krylov subspace method based on

b—Axm L K and xm € xg + K .

@ Reason for short recurrence relations?

Bilanczos-Algorithmus Arnoldi-Algorithmus
3 3
BiCG-Methode FOM
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BiCG-Algorithm

@ Ansatz: Skew Krylov subspace method based on

b—Axm L K and xm € xg + K .

@ Reason for short recurrence relations?

Bilanczos-Algorithmus Arnoldi-Algorithmus
3 3
BiCG-Methode FOM
Xm = Xg + Vma™ Xm = Xg + Vma™
b— Axn L K]
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BiCG-Algorithm

@ Ansatz: Skew Krylov subspace method based on

b—Axm L K and xm € xg + K .

@ Reason for short recurrence relations?

Bilanczos-Algorithmus Arnoldi-Algorithmus
i \
BiCG-Methode FOM
Xm = Xg + Vma™ Xm = Xg + Vma™
b— Axm L K] b— Ax, =1 K,
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BiCG-Algorithm

@ Ansatz: Skew Krylov subspace method based on

b—Axm L K and xm € xg + K .

@ Reason for short recurrence relations?

Bilanczos-Algorithmus Arnoldi-Algorithmus
i \
BiCG-Methode FOM
Xm = Xg + Vma™ Xm = Xg + Vma™
b— Axm L K] b— Ax, =1 K,

(Vj,b—Axm) =0, j=1,...,m
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BiCG-Algorithm

@ Ansatz: Skew Krylov subspace method based on

b—Axm L K and xm € xg + K .

@ Reason for short recurrence relations?

Bilanczos-Algorithmus Arnoldi-Algorithmus
i \
BiCG-Methode FOM
Xm = Xg + Vma™ Xm = Xg + Vma™
b— Axm L K] b— Ax, =1 K,

(Vj,b—Axm) =0, j=1,...,m
s 0= VI(b— Axp)
= VI(rp — AVna™)
= ||roll2€1 — Hma'™
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BiCG-Algorithm
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BiCG-Algorithm
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BiCG-Algorithm

@ Ansatz: Skew Krylov subspace method based on

b—Axm L K and xm € xg + K .

@ Reason for short recurrence relations?

Bilanczos-Algorithmus Arnoldi-Algorithmus
3 3
BiCG-Methode FOM
Xm = Xg + Vma™ Xm = Xg + Vma™
b— Axm L K] b— Axm =1 Kn,
(Wj,b—Axm)=0, j=1....,m | (Vj,b—Axm)=0, j=1,...,m
e 0= WI(b— Axp) = 0= V](b— Axpy)
= VI(rp — AVna™)
= ||roll2€1 — Hma'™
a™ = Hy'(In0]l26)
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BiCG-Algorithm

@ Ansatz: Skew Krylov subspace method based on

b—Axm L K and xm € xg + K .

@ Reason for short recurrence relations?

Bilanczos-Algorithmus Arnoldi-Algorithmus

¥ \

BiCG-Methode FOM

(Wj,b—Axm) =0, j=1...,m

(Vj,b—Axm) =0, j=1,...,m
s 0= VI(b— Axp)
= VI(rp — AVmna™)
= ||roll2€1 — Hma™

™ = Ha'(||ro]|2€+)
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b—Axm L K and xm € xg + K .

@ Reason for short recurrence relations?

Bilanczos-Algorithmus

Arnoldi-Algorithmus

3 J
BiCG-Methode FOM

(Wj,b—Axm) =0, j=1...,m
s 0= W (b— Axp)
= W (ro — AVpa™)
= ||roll2€1 — Tma™

(Vj,b—Axm) =0, j=1,...,m
s 0= VI(b— Axp)
= VI(rp — AVmna™)
= ||roll2€1 — Hma™

™ = Ha'(||ro]|2€+)
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Andreas Meister (University of Kassel)

BiCG-Algorithm

@ Ansatz: Skew Krylov subspace method based on

b—Axm L K and xm € xg + K .

@ Reason for short recurrence relations?

Bilanczos-Algorithmus

Arnoldi-Algorithmus

3 J
BiCG-Methode FOM

(Wj,b—Axm) =0, j=1...,m
s 0= W (b— Axp)
= W (ro — AVpa™)
= ||roll2€1 — Tma™

(Vj,b—Axm) =0, j=1,...,m
s 0= VI(b— Axp)
= VI(rp — AVmna™)
= ||roll2€1 — Hma™

o™= Tn'([rll2e1)

™ = Ha'(||ro]|2€+)
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BiCG-Algorithm

BiCG-Algorithm

BiCG-Algorithmus —

Wihle &g e B™ und 2 =10

ro=ryg=pm=ph=b—Amx

ji=10

Solange |rjlz > ¢

{T-"'T:]E
oy 1=
T (App),
S Rl e R A U o

rit1 =1 —a;Ap,

® i ® T _%
i = —m A p)

o (T‘J+l-7':+1]3

{T.I' 'T:] a

o

Py =T+ 0P,

Pl =T H AP

ji=j+1
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Comparison of GMRES, GMRES(m) and BiCG

I 11l
=
o

10

10—10 |

10—12

GMRES
GMRES(40)
BICG

0 100 200

300 400

Number of Iterations (j)

Andreas Meister (University of Kassel)

lterative Solvers

GMRES - 1270%-

GMRES(40) - 844%

BiCG - 100%

500 1000 1500
CPU Time (%)
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Comparison of GMRES, GMRES(m) and BiCG

Test 2: Weak Convection-Diffusion (o« = 0.1, e = 1)

10 .
GMRES
GMRES(40)
> BiCG
10 GMRES - 1401%
10"
_«N
2
= 10 GMRES(40) - 764%
10°
-10 .
10 Tt BiCG - 100%
10_12 1 1 1 L 1 1 1 1
0 100 200 300 400 0 500 1000 1500 2000
Number of Iterations (j) CPU Time (%)
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Comparison of GMRES, GMRES(m) and BiCG

Test 3: Convection-Diffusion (a« =1, ¢ = 0.1)

10 ;
GMRES
GMRES(20)
> BiCG
10 GMRES - 1168% -
10
_«N
S
=, 10 GMRES(20) - 265%
10°
-10
10 71 BiCG - 100%
10_12 C 1 1 1 7 [ 1 1 1
0 100 200 300 400 0 500 1000 1500
Number of Iterations (j) CPU Time (%)
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BiCG-Algorithm - Summary

Derivation:

@ Based on BiLanczos-Algorithm
@ Skew Krylov subspace method b — Ax;, L K
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BiCG-Algorithm - Summary

Derivation:

@ Based on BiLanczos-Algorithm
@ Skew Krylov subspace method b — Ax;, L K

Advantages:

@ Keenly less storage requirements (compared to GMRES)
@ No symmetry constraint on A (compared to CG)
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BiCG-Algorithm - Summary

Derivation:

@ Based on BiLanczos-Algorithm
@ Skew Krylov subspace method b — Ax;, L K

Advantages:

@ Keenly less storage requirements (compared to GMRES)
@ No symmetry constraint on A (compared to CG)

Disadvantages:

@ Requires multiplications with A”

@ No minimization of an underlying functional
— Oszillations in the convergence history

@ Possible break down due to division by (Apj, pj)

GMRES, BiCG and Variants
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Methods for non-singular Matrices

Method of conjugate gradients (CQ)

/

.

Bi-conjugate gradients
method (BiCQG)

Generalized Minimal Residual
method (GMRES)

BiCG-Method

/

.

CG-Squared method
(CGS)

Bi-CG Stabilized method
(BICGSTAB)
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Methods for non-singular Matrices

BiCG-Method

/

CG-Squared method
(CGS)
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CGS-Algorithm

Aim:

@ Accelerate the BiCG-method
@ Avoid multiplications with A”
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CGS-Algorithm

Aim:

@ Accelerate the BiCG-method

@ Avoid multiplications with A”
Monitoring:

@ Polynomial representation

r=gi(Ar, pj=1Arn = rf=yi(ANr, pf=1u(A
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CGS-Algorithm

Aim:

@ Accelerate the BiCG-method

@ Avoid multiplications with A”
Monitoring:

@ Polynomial representation

r=gi(Ar, pj=1Arn = rf=yi(ANr, pf=1u(A

@ Occurence of ri* and p;

Solely to calculate the scalar values o; and 5,
(r,r7') and (Apj, p;)
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CGS-Algorithm

Aim:

@ Accelerate the BiCG-method
@ Avoid multiplications with A”

Monitoring:
@ Polynomial representation

r=gi(Ar, pj=1Arn = rf=yi(ANr, pf=1u(A
@ Occurence of ri and p;
Solely to calculate the scalar values o; and 5,
(r;,r7) and (Ap;, p})
Basic Idea:
(x, ATy)=x"ATy = (A)"y = (Ax,y) = (Ax,ATy)

(A%X,y)
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CGS-Algorithm

Reformulation:

Using

r=i(Ary, pj=1(Ar and rf =g(A" ), pf=u(A )

yields
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CGS-Algorithm

Reformulation:

Using
r=i(Ary, pj=1(Ar and rf =g(A" ), pf=u(A )
yields

(1, 17°)
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CGS-Algorithm

Reformulation:

Using
r=i(Ary, pj=1(Ar and rf =g(A" ), pf=u(A )
yields

(1, 17) = (¢j(A)ro , (A1)
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CGS-Algorithm

Reformulation:

Using
r=i(Ary, pj=1(Ar and rf =g(A" ), pf=u(A )
yields

(5:17) = (9,(A)ro . (A")10) = (7] (A)ro » o)

\
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CGS-Algorithm

Reformulation:

Using
r=i(Ary, pj=1(Ar and rf =g(A" ), pf=u(A )
yields

(5:17) = (9,(A)ro, 2i(A")r0) = (] (A)ro , 10) = (Fj. ro)
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CGS-Algorithm

Reformulation:

Using

r=i(Ary, pj=1(Ar and rf =g(A" ), pf=u(A )

yields
(5:17) = (21t » (A1) = (3 (A)ro , 10) = (F. 1o)
as well as =]
(Apj,p}) = (Aui(Arg, V(A )R) = (A fbjz(A)fga ro) = (Apj, o)
=:p;
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CGS-Algorithm

Reformulation:

Using

r=i(Ary, pj=1(Ar and rf =g(A" ), pf=u(A )

yields
(5:17) = (21t » (A1) = (3 (A)ro , 10) = (F. 1o)
as well as =]
(Apj,p}) = (Aui(Arg, V(A )R) = (A 3@‘2(/\)@ ro) = (Apj, o)
=:p;

Technical Exercise:

Express the scalar values «; and 3; by means of r; and p;
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CGS-Algorithm

CGS-Algorithm

CGS-Algorithmus —

Wihle g e B™ und = =0

wy =Ty =p;:=b—Axy, j:=10

Solange ||ri|2 ==
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g = wj — Oy
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P =i+ 5 (g, +8p,), j=i+1
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Comparison of GMRES, GMRES(m), BiCG and CGS

GMRES
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Comparison of GMRES, GMRES(m), BiCG and CGS

Test 2: Weak Convection-Diffusion (o = 0.1, e = 1)

GMRES

GMRES(20) ||

CGS

GMRES(20) - 1022%

_(\I
)
o u
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Comparison of GMRES, GMRES(m), BiCG and CGS

Test 3: Convection-Diffusion (a« =1, ¢ = 0.1)

IFI1,/1bll

Andreas Meister (University of Kassel)
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CGS-Algorithm - Summary

Derivation:

@ Based on BiCG-Algorithm
@ Squaring the polynomial representation
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CGS-Algorithm - Summary

Derivation:

@ Based on BiCG-Algorithm
@ Squaring the polynomial representation

Advantages:

@ Keenly less storage requirements (compared to GMRES)
@ No symmetry constraint on A (compared to CQG)
@ Requires no multiplications with A” (compared to BiCG)
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CGS-Algorithm - Summary

Derivation:

@ Based on BiCG-Algorithm
@ Squaring the polynomial representation

Advantages:

@ Keenly less storage requirements (compared to GMRES)
@ No symmetry constraint on A (compared to CQG)
@ Requires no multiplications with A” (compared to BiCG)

Disadvantages:

@ No minimization of an underlying functional
— Oszillations in the convergence history

@ Possible break down due to division by (Ap;, o)
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Methods for non-singular Matrices

Method of conjugate gradients (CQ)

/

.

Bi-conjugate gradients
method (BiCQG)

Generalized Minimal Residual
method (GMRES)

BiCG-Method

/

.

CG-Squared method
(CGS)

Bi-CG Stabilized method
(BICGSTAB)
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Methods for non-singular Matrices

BiCG-Method

.

Bi-CG Stabilized method
(BICGSTAB)

43 /50
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BiCGSTAB-Algorithm

Aim:
@ Improving the BiCG- and CGS-method

@ Avoid multiplications with A”
@ Introducing a minimization of the residual
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BiCGSTAB-Algorithm

Aim:
@ Improving the BiCG- and CGS-method

@ Avoid multiplications with A”
@ Introducing a minimization of the residual

Procedure:

@ Polynomial representation

ri=@i(Afo, pp= (A

@ Employ
7= (AN, B = (AT
with
So(AT) =1, &5 1(AT) = (1 — wAT);(AT)
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BiCGSTAB-Algorithm

Reformulation:

Introducing * = ®;(A”)ry and p; = ®;(A”)ry into BiCG yields

(1, 7) = (0j(A)ro, D(AT)ro) = (9(A)pj(A)ro, 1)
and
(AP, BF) = (Avj(A)ro, ®j(AT) o) = (®;(A)AL(A)rg, 1)
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BiCGSTAB-Algorithm

Reformulation:

Introducing * = ®;(A”)ry and p; = ®;(A”)ry into BiCG yields

(1, 7) = (0j(A)ro, D(AT)ro) = (9(A)pj(A)ro, 1)
and
(AP, BF) = (Avj(A)ro, ®j(AT) o) = (®;(A)AL(A)rg, 1)

Minimization of the residual:
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BiCGSTAB-Algorithm

Reformulation:

Introducing * = ®;(A”)ry and p; = ®;(A”)ry into BiCG yields

(1, 7) = (0j(A)ro, D(AT)ro) = (9(A)pj(A)ro, 1)
and
(AP, BF) = (Avj(A)ro, ®j(AT) o) = (®;(A)AL(A)rg, 1)

Minimization of the residual:

@ ri1 = (I-wjA)s
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BiCGSTAB-Algorithm

Reformulation:

Introducing * = ®;(A”)ry and p; = ®;(A”)ry into BiCG yields

(1, 7) = (0j(A)ro, D(AT)ro) = (9(A)pj(A)ro, 1)
and
(AP, BF) = (Avj(A)ro, ®j(AT) o) = (®;(A)AL(A)rg, 1)

Minimization of the residual:

@ fi1= (/—ij)Sj
o Define fi(w) = ||(I — wA)s;||5

Andreas Meister (University of Kassel) lterative Solvers GMRES, BiCG and Variants 45 /50



BiCGSTAB-Algorithm

Reformulation:

Introducing * = ®;(A”)ry and p; = ®;(A”)ry into BiCG yields

(1, 7) = (0j(A)ro, D(AT)ro) = (9(A)pj(A)ro, 1)
and
(AP, BF) = (Avj(A)ro, ®j(AT) o) = (®;(A)AL(A)rg, 1)

Minimization of the residual:

@ fi1 = (/ — ij)Sj
o Define fi(w) = ||(I — wA)s;||5
= fl(w) = —2(As;,s) + 2w(As}, As))
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BiCGSTAB-Algorithm

Reformulation:

Introducing * = ®;(A”)ry and p; = ®;(A”)ry into BiCG yields

(1, 7) = (0j(A)ro, D(AT)ro) = (9(A)pj(A)ro, 1)
and
(AP, BF) = (Avj(A)ro, ®j(AT) o) = (®;(A)AL(A)rg, 1)

Minimization of the residual:

@ fi1= (/—ij)Sj
o Define fi(w) = ||(I — wA)s;||5

= fl(w) = —2(As;,s) + 2w(As}, As))
f(w) = 2(Asj,As)) >0
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BiCGSTAB-Algorithm

Reformulation:

Introducing * = ®;(A”)ry and p; = ®;(A”)ry into BiCG yields

(1, 7) = (0j(A)ro, D(AT)ro) = (9(A)pj(A)ro, 1)
and
(AP, BF) = (Avj(A)ro, ®j(AT) o) = (®;(A)AL(A)rg, 1)

Minimization of the residual:

@ fi1= (/—ij)Sj
o Define fi(w) = ||(I — wA)s;||5

= fl(w) = —2(As;,s) + 2w(As}, As))
f(w) = 2(Asj,As)) >0
. (As), 5))
— wij = argmingcrfi(w) =
/ < j( ) (ASj,ASj)
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BiCGSTAB-Algorithm

BICGSTAB-Algorithm

BiCGSTAB-Algorit hmus —
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Comparison of GMRES, BiCG, CGS and BICGSTAB
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Comparison of GMRES, BiCG, CGS and BICGSTAB

Test 2: Weak Convection-Diffusion (o = 0.1, e = 1)

GMRES ||
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Comparison of GMRES, BiCG, CGS and BICGSTAB

Test 3: Convection-Diffusion (a« =1, ¢ = 0.1)

GMRES
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BiCGSTAB-Algorithm - Summary

Derivation:

@ Based on BiCG-Algorithm
@ Squaring the polynomial representation
@ Residual minimization
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BiCGSTAB-Algorithm - Summary

Derivation:

@ Based on BiCG-Algorithm
@ Squaring the polynomial representation
@ Residual minimization

Advantages:

@ Keenly less storage requirements (compared to GMRES)
@ No symmetry constraint on A (compared to CG)
@ Requires no multiplications with A’ (compared to BiCG)

@ Additional minimization technique (compared to CGS)
— Smooth convergence history
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BiCGSTAB-Algorithm - Summary

Derivation:

@ Based on BiCG-Algorithm
@ Squaring the polynomial representation
@ Residual minimization

Advantages:

@ Keenly less storage requirements (compared to GMRES)
@ No symmetry constraint on A (compared to CG)
@ Requires no multiplications with A’ (compared to BiCG)

@ Additional minimization technique (compared to CGS)
— Smooth convergence history

Disadvantages:

@ Possible break down due to division by (Ap;, 1p)
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