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BEMA

m BEM is an alternative to FEM for the solution of PDEs,
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BEMA

m BEM is an alternative to FEM for the solution of PDEs,

m BEM4I - 3D boundary element library for
= Laplace equation (heat transfer),
m Helmholtz equation (wave scattering),
m Lamé equation (linear elasticity),
m time-dependent wave equation.

= Specifications

m C++, interface to MKL or other BLAS, LAPACK,
m ACA for matrix sparsification.

Strategies

SIMD vectorization for surface integrals (OpenMP, Vc library),
m OpenMP for local element contributions / individual ACA blocks,
= MPI for distributed matrices,

m BETI with the ESPRESO library,

m Intel MIC offload/native.

Jan Zapletal (1T4l) BEM for many-core architectures 4 /24



BEM4I Boundary element method

Boundary value problem for the Laplace equation
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BEM4I Boundary element method

Discretization leads to the systems

1 1 T
Vig = (th-i—Kh) f, Dnf = <§Mh = Kh) g

with the matrices

1 1
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m OpenMP threading for Vj,

#pragma omp parallel for
for( int tau_k = 0; tau_k < E; ++tau_k ){ // columns
for( int tau_l = 0; tau_l < E; ++tau_l ){ // rows
SLIntegrator.getLocalMatrix( *tau_l, *tau_k, Vloc );
V.set( *tau_l, *tau_k, Vloc.get( 0, 0 ) );
} 3

o oA W N K
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m OpenMP threading for Vj,

#pragma omp parallel for
for( int tau_k = 0; tau_k < E; ++tau_k ){ // columns
for( int tau_l = 0; tau_l < E; ++tau_l ){ // rows
SLIntegrator.getLocalMatrix( *tau_l, *tau_k, Vloc );
V.set( *tau_l, *tau_k, Vloc.get( 0, 0 ) );
} 3

o oA W N K

= OpenMP threading for K,

#pragma omp parallel for
for( int tau_k = 0; tau_k < E; ++tau_k ){ // columns

for( int tau_l = 0; tau_l < E; ++tau_l ){ // rows

DLIntegrator.getLocalMatrix( *tau_l, *tau_k, Kloc );
#pragma omp atomic // (inside of add_atomic)

K.add_atomic( *tau_l, tau_k->node[ 0 ], Kloc.get( 0, 0 ) );
#pragma omp atomic // (inside of add_atomic)

K.add_atomic( *tau_l, tau_k->node[ 1 ], Kloc.get( 0, 1 ) );
#pragma omp atomic // (inside of add_atomic)

K.add_atomic( *tau_l, tau_k->node[ 2 ], Kloc.get( 0, 2 ) );
T}

© ® N O O A W N K
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m OpenMP threading for Vj,

1 #pragma omp parallel for

> for( int tau_k = 0; tau_k < E; ++tau_k ){ // columns

3 for( int tau_l = 0; tau_l < E; ++tau_l ){ // rowus

a SLIntegrator.getLocalMatrix( *tau_l, *tau_k, Vloc );
5 V.set( *tau_l, *tau_k, Vloc.get( 0, 0 ) );

e I} }

= OpenMP threading for K,

#pragma omp parallel for

for( int tau_l = 0; tau_l < E; ++tau_l ){ // rows

for( int tau_k = 0; tau_k < E; ++tau_k ){ // columns
DLIntegrator.getLocalMatrix( *tau_l, *tau_k, Kloc );

K.add( *tau_l, tau_k->node[ O ], Kloc.get( 0, 0 ) );

K.add( *tau_l, tau_k->node[ 1 ], Kloc.get( 0, 1 ) );

© ® N O O A W N K

K.add( *tau_1l, tau_k->nodel[ 2 ], Kloc.get( 0, 2 ) );
1} }

-
o

m Avoid #pragma omp critical, use #pragma omp atomic if applicable.
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BEM4I OpenMP vectorization

m Single Instruction Multiple Data (SIMD)
m processing vector with a single operation,
m provides data level parallelism,
m elements are of the same type.

Loafoafes o] o] ] 0]

= Vector length

m 256 bits for AVX-2 (Haswell), 4 DP operands,
= 512 bits for IMCI (KNC), AVX512 (KNL), 8 DP operands.
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BEM4I OpenMP vectorization

m Single Instruction Multiple Data (SIMD)
processing vector with a single operation,
provides data level parallelism,

elements are of the same type.

Loafoafes o] o] ] 0]

= Vector length

256 bits for AVX-2 (Haswell), 4 DP operands,
512 bits for IMCI (KNC), AVX512 (KNL), 8 DP operands.

= Vectorization achieved by

compiler auto-vectorization (code refactoring can help),
OpenMP 4.0 pragmas (#pragma omp simd),

intrinsic functions,

wrapper library (Vc),

assembly.
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BEM4I OpenMP vectorization

] integration over a square

1 double * w = new double[ S ];

2wl 0] = ... // init. weights

s // x~1_1, x~1_2, ..., x°S_1, x~S_2
4 double x [ 1 =4 ... };

5

6

7

8

9

10

11 for( int 1 = 0; 1 < S; ++1 ){

12 result += wl[ 1 ] * £( x[ 2 * 1 1, x[ 2 * 1 + 11 );
13 }

14

15 delete w;
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BEM4I OpenMP vectorization

[ vectorized integration over a square

double * w = new double[ S ];

1

2wl 0] = ... // init. weights

s // x~1_1, x~1_2, ..., x°S_1, x~S_2

a double x [ 1 = { ... };

5

6

7

8

9

10 #pragma omp simd reduction( + : result )

for( int 1 = 0; 1 < S; ++1 ){
result += wl[ 1 ] * £( x[ 2 * 1 1, x[ 2 * 1 + 11 );

B oH R
w N R

}

o
[CIN

delete w;
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BEM4I OpenMP vectorization

[ vectorized integration over a square

1 double * w = new double[ S ];

2wl 01 = ... // init. weights

s // x~1_1, x~1_2, ..., x~S_1, x~S_2

a double x [ ] = { ... };

5

6

7

8

9

10 #pragma omp simd reduction( + : result )
11 for( int 1 = 0; 1 < S; ++1 ){

12 result += w[ 1 ] * £( x[ 2 * 1 ], x[ 2 *x 1 + 11 );
13}

14

delete w;

"
o

m Loop peeling & strided access to memory
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peel main body remainder
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BEM4I OpenMP vectorization

= Tuned vectorized integration over a square

1 double * w = (double *) _mm_malloc( S * sizeof (double), 64 );
2wl 01 = ... // init. weights

s // x~1_1, ..., x~S_1

4 double x1 [ ] __attribute__( ( aligned( 64 ) ) ) = { ... };
s // x~1_2, ..., x°S_2

s double x2 [ 1 __attribute__( ( aligned( 64 ) ) ) = { ... };
7

s __assume_aligned( w, 64 ); // tell compiler about alignment

9

10 #pragma omp simd reduction( + : result )

for( int 1 = 0; 1 < S; ++1 ){
result += w[ 1 ] * £( x1[ 1 1, x2[ 1 1 );

H oHoR
W N R

}

HoR
(IS

_mm_free( w );

m Loop peeling & strided access to memory

0x607640 0x607660 0x607680

af - AoS
a3 {3 soA

| |
I I
I I
I I
' '
5|$6|ﬂv7|1 |19|I10|T11|

'
|
|
|
!
|I0|CI‘1|2‘2|13|

peel main body remainder

Jan Zapletal (1T4l) BEM for many-core architectures 9 /24



BEM4I OpenMP vectorization

Duffy substitution for 7 x 7,

1 1 1 1
Vh[&k]=2////k(Fs(nl,nz,ns,é))Ss(m,nz,ns,é)dmdnzdnsdf

5 Jo Jo Jo Jo

with F*: [0,1]* = S C 7¢ x 7,

F*(n1,m2,m3,8) = (x,y), S°(m1,m2,73,&) dni dne dnz d€ = dszdsy,.

017 = (DX N~ x@

Approximated by tensor Gauss quadrature

Vi€, k] ~ Z Zwm an Zwo Z Wy K(F* (T, Try Toy Tp)) S (T, Ty Toy Tp).
s m n o D

X

[0,1]?
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BEMa4I OpenMP vectorization

m Collapsed integration loop in getLocalMatrix.

__assume_aligned( xl1ss, 64 ); // all data aligned

1
2
3
4 switch( type ){

5 case( identicalElements ):
6

7

8

for( int simplex = 0; simplex < 6; ++simplex ){
refToTri( simplex, x1, ..., y3, xlref, ..., y2ref, xlss,
., y3ss );
9
10 #pragma omp simd reduction( + : entry )
1 for (¢ = 0; c < S1*xS2%S3%S4; ++c ) { // collapsed
12 kernel = weights_jacV[ c ]
13 * evalSingleLayerKernel( xiss[ c¢ 1, x2ss[ c 1,
14 x3ss[ ¢ 1, yissl[ c 1, y2ssl ¢ 1, y3ssl[ c 1 );
15 entry += kernel;
16 } 3
17 break;
18 ... // quadrature over other pairs of elements
10 }
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BEM4I OpenMP vectorization

m SIMD evaluation of quadrature points in refToTri.

1 __assume_aligned( x1ss, 64 ); // all data aligned
2
3
4 #pragma omp simd
5 for( int ¢ = 0; c < S1%*S2*xS3%*S4; ++c ){
6 xl1ss[ ¢ 1 = x1[ 0 1]
7 + ( x2[ 0] - x1[ 0 1 ) * xiref[ simplex ][ c ]
8 + ( x83[0 01 - x1[ 0 1 ) * x2ref[ simplex ][ c 1;
° // compute x2ss, x3ss, ylss, y2ss, y3ss
10
¥

Jan Zapletal (1T4l) BEM for many-core architectures 12 / 24



BEMa4I OpenMP vectorization

m SIMD evaluation of quadrature points in refToTri.

__assume_aligned( xl1ss, 64 ); // all data aligned

1
2
3
4 #pragma omp simd
5 for( int ¢ = 0; c < S1%*S2*xS3%*S4; ++c ){
s xl1ss[ ¢ 1 = x1[ 0 ]
7 + ( x2[ 0] - x1[ 0 1 ) * xiref[ simplex ][ c ]
8 + ( x83[0 01 - x1[ 0 1 ) * x2ref[ simplex ][ c 1;
° // compute x2ss, x3ss, ylss, y2ss, y3ss
10

}

m SIMD evaluation of the kernel in evalSingleLayerKernel.

1 #pragma omp declare simd

2 double evalSingleLayerKernel (

3 double x1, double x2, double x3,

4 double y1, double y2, double y3

5 ) const {

6

7 double d1 = x1 - y1, d2 = x2 - y2, d3 = x3 - y3;

s double norm = sqrt( d1 * dl + d2 * d2 + d3 * d3 );
9

10 return ( 1 / ( norm * 4.0 * M_PI ) );
11 }

Jan Zapletal (1T4l) BEM for many-core architectures 12 / 24



Intel Advisor

- Intel Advisor e

| AltModules ][ Allsources [ Loops ][ AllThreads -]

self
- e
[

Vect...
42,54850) 48,4150 Vectorized (Bo.... - 1 pragma supersede...AVX
% 1Vector regis.. X Division:

Total Time | Type ‘Why No Vectori

0 [loop in bem:
[loop in bemdi
56 [loop in bem:
50 [loop in bem: @ compile time constra Extracts; It
56 [loop in bem: z & compile time constra Inserts; Un
50 [loop in bem: X @ loop with multiplec...
56 [loop in bem: & loop control flow s t
56 [loop in bem: 3 3 & loop control flowist
56 [loop in bema . X @ loop control flowist

Source LoopTime | %

#if Idefined( _INTEL_COMPILER ) || _ INTEL ( CDI‘IPILER >= 1600
#pragna omp sind linear( i : 1) reduction( + : entry )
#elif defined( _ INTEL COMPILER ) && _ INTEL ( COMPILER »= 1560
#pragna sind linear( i : 1) reduction( + : entry )

#endif
B for (i=6; i< totalSize; ++i ) { [ 700151 as41asn
entry += thisIntegrator->evalSingleLayerKernel( xlss[ i 1, x2ss[ 1 1, 6,0065 | Division...
x3ss[ 1], ylss[ i ], y2ss[ 1], y3ss[ 1] ) *we[ i ] *wl[i]* | 2346750 I
w2[ 1] *w3[ i] * jacobian[ i ]; 12,1465 1
}
}

SCVT innerArea =
this->getSpace( )->getRightMesh( )->getElemArea( innerElem ); 0,053s |

—
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BEMa4I OpenMP vectorization

Intel compiler reports

m -qopt-report=5 -qopt-report-phase=vec

1 LOOP BEGIN at BEIntegratorScalar.cpp(304,5)

2 remark 15340: pragma supersedes previous setting [
BEIntegratorScalar.cpp (300,1) 1]

3 remark 15388: vectorization support: reference xl1ss[i] has
aligned access [ BEIntegratorScalar.cpp(305,55) 1]

a ... // all data reported as aligned

5 remark 15305: vectorization support: vector length 4

6 remark 15309: vectorization support: normalized
vectorization overhead 0.443

7 remark 15301: OpenMP SIMD LOOP WAS VECTORIZED

8 remark 15448: unmasked aligned unit stride loads: 16

° remark 15475: --- begin vector cost summary ---

10 remark 15476: scalar cost: 97

11 remark 15477: vector cost: 17.500

12 remark 15478: estimated potential speedup: 5.510

13 remark 15488: --- end vector cost summary ---

14 LOOP END
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BEM4I Adaptive cross approximation

Adaptive cross approximation

m Complexity O(n?) — O(nlogn), '
= mesh divided into clusters, 1

m non-admissible clusters assembled in full, = H 4

m admissible clusters approximated as C ~ UV T,

m assembly of clusters distributed by OpenMP.
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BEM4I Adaptive cross approximation

Adaptive cross approximation

m Complexity O(n?) — O(nlogn),

mesh divided into clusters,

non-admissible clusters assembled in full, = I:' N
admissible clusters approximated as C ~ UV,

assembly of clusters distributed by OpenMP.

#pragma omp parallel for

for( int i = 0; i < n_nonadmissible_blocks; ++i ){
getNonadmissibleBlock( i, localBlock );
ACAMatrix.addNonadmissibleBlock( i, localBlock );

#pragma omp parallel for

for( int i = 0; i < n_admissible_blocks; ++i ){
getAdmissibleBlock( i, localBlock );

10 ACAMatrix.addAdmissibleBlock( i, localBlock );
11 }

1
2
3
4
s
6
7
8
9
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Numerical experiments

Numerical experiments
m Full assembly
m ACA assembly
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Numerical experiments

Experiment setting

m Full (ACA) assembly tested on a mesh with 20.480 (81.920) surface elements.

m 4 quadrature points in each dimension (256 per simplex) to utilize SIMD registers.
m ACA settings

= maximal number of elements in clusters: 500,
m preallocation: 10 %.
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Numerical experiments

Experiment setting

m Full (ACA) assembly tested on a mesh with 20.480 (81.920) surface elements.
m 4 quadrature points in each dimension (256 per simplex) to utilize SIMD registers.

m ACA settings

= maximal number of elements in clusters: 500,
m preallocation: 10 %.

( intelﬁ) inside™

‘ int Iw) inside™
R = ‘
Xeon

m Assembly performed on single nodes
m Salomon - 2 x Xeon 2680v3, AVX2, 2x12 cores, 2.5 GHz, 128 GB RAM,
m Salomon - Xeon Phi 7120P, IMCI, 61 cores, 1.238 GHz, 16 GB RAM,
m Endeavor - Xeon Phi 7210, AVX-512, 64 cores, 1.3 GHz, 16 + 96 GB RAM.
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Numerical experiments Full assembly

OMP scalability, full assembly, 256 points per simplex

Double-layer matrix, full, double, (4,4,4,4)

Single-layer matrix, full, double, (4,4,4,4)
—0—2xHSW —0—2xHSW
—o—KNC —o—KNC
—0—KNL —0—KNL
1,000 e Optimal| 4 1,000 e Optimal| 4
@ 100 @ 100
10F 10F
1 2 4 8 16 32 64 128 256 1 2 4 8 16 32 64 128 256
OMP threads OMP threads

Xeon 2680v3
matrix 2 4 8 16 24

V, 201 4.04 8.07 16.09 24.07
Krn 199 398 7.97 1583 23.68
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Numerical experiments Full assembly

OMP scalability, full assembly, 256 points per simplex

Single-layer matrix, full, double, (4,4,4,4) Double-layer matrix, full, double, (4,4,4,4)
—o—2xHSW —0—2xHSW
—o—KNC —o—KNC
—o—KNL —Oo—KNL
-------- Optimal| § 1,000 | - Optimal| 4

64 128 256

1,000
? 100 g 100
10k 1ok
! 64 128 256 Y 2

T2 4 816 3
OMP threads

816 a2
OMP threads

Xeon Phi 7120P
matrix 2 4 8 16 32 61 | 122 183 244
Vy, 201 398 8.06 1596 3214 60.23 | 78.33 85.90 84.29
K, 202 406 828 16.42 3272 61.38 | 88.54 102.71 107.53
18 / 24
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Numerical experiments Full assembly

OMP scalability, full assembly, 256 points per simplex

Double-layer matrix, full, double, (4,4,4,4)
—0—2xHSW
—o—KNC

Single-layer matrix, full, double, (4,4,4,4)
—0—2xHSW
—o—KNC

—0—KNL
-------- Optimal| 4

—o—KNL
-------- Optimal| §

t[s]

ts]

10 10k
11 2 8 16 32 64 128 256 11 2 4 8 16 32 64 128 256
OMP threads OMP threads

Xeon Phi 7210
matrix 2 4 8 16 32 64 | 128 192 256
Vr, 199 399 790 1593 3148 6226 | 62.89 54.22 57.65
Kn, 2.00 4.07 8.07 1620 31.89 62.76 | 73.64 67.76 73.64
18 / 24
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Numerical experiments Full assembly

SIMD scalability, full assembly, 256 points per simplex

Single-layer matrix, full, double, (4,4,4,4) Double-layer matrix, full, double, (4,4,4,4)

[-0—2xHSW —0—KNC —0—KNL -------- Optimal]

[-0—2xHSW —0—KNC —0—KNL -------- Optimal]

0.1
1 2 4 8 1 2 4

Register size Register size

architecture threads matrix SSE4.2 AVX2 IMClI AVX-512

Vi o 192 223 — —
Xeon E2680v3 24 K, 201 2.32 — —
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SIMD scalability, full assembly, 256 points per simplex

Single-layer matrix, full, double, (4,4,4,4) Double-layer matrix, full, double, (4,4,4,4)

100

—_ — 10
2, 2

1

[-0—2xHSW —0—KNC —0—KNL -------- Optimal] [-0—2xHSW —0—KNC —0—KNL -------- Optimal]
0.1 - - 0.1 - ”
1 2 4 8 1 2 4 8
Register size Register size

architecture threads matrix SSE4.2 AVX2 IMClI AVX-512
Vi 1.92 2.23 — —

Xeon E2680v3 24 K, 201 2.32 — —
. Vi, — — 3.77 —
Xeon Phi 7120P 244 K, _ — 505 —
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SIMD scalability, full assembly, 256 points per simplex

Single-layer matrix, full, double, (4,4,4,4) Double-layer matrix, full, double, (4,4,4,4)

100

—_ — 10
2, 2

1

[-0—2xHSW —0—KNC —0—KNL -------- Optimal] [-0—2xHSW —0—KNC —0—KNL -------- Optimal]
0.1 - - 0.1 - ”
1 2 4 8 1 2 4 8
Register size Register size

architecture threads matrix SSE4.2 AVX2 IMClI AVX-512
Vi 1.92 2.23 — —

Xeon E2680v3 24 K, 201 2.32 — —

. Vi, — — 377 —

Xeon Phi 7120P 244 K, _ — 505 —
_ Vi 245 495 — 9.94

Xeon Phi 7210 128 Ks 2.01 4.14 — 7.69
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Numerical experiments ACA assembly

OMP scalability, ACA assembly, 256 points per simplex

Double-layer matrix, aca, double, (4,4,4,4)

Single-layer matrix, aca, double, (4,4,4,4)
—0—2xHSW —0—2xHSW
—o0—KNC —o0—KNC
—o—KNL —O—KNL
1,000 e Optimal| 4 1,000 e Optimal| 4
) 100 | = 100 |
10F 10F
1 i i i i i 1 i i i i i i i
1 2 4 8 16 32 64 128 256 1 2 4 8 16 32 64 128 256
OMP threads OMP threads
Xeon 2680v3
matrix 2 4 8 16 24

V, 200 397 789 1574 23.13
Krn 199 395 7.89 1549 2275
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Numerical experiments ACA assembly

OMP scalability, ACA assembly, 256 points per simplex

Double-layer matrix, aca, double, (4,4,4,4)

Single-layer matrix, aca, double, (4,4,4,4)
—o—2xHSW —0—2xHSW
—o—KNC —o—KNC
—o—KNL —0—KNL
-------- Optimal| § 1,000 | - Optimal| 4

1,000

10} 10k
11 2 8 16 32 64 128 256 11 2 4 8 16 32 64 128 256
OMP threads OMP threads
Xeon Phi 7120P
matrix 2 4 8 16 32 61| 122 183 244

64.69 67.44 62.39

VvV, 195 392 780 1557 30.32 53.16
K, 195 383 7.67 1510 28.49 5217 | 67.20 7294 70.66
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Numerical experiments ACA assembly

OMP scalability, ACA assembly, 256 points per simplex

Double-layer matrix, aca, double, (4,4,4,4)
—0—2xHSW
—o—KNC

Single-layer matrix, aca, double, (4,4,4,4)
—0—2xHSW
—o—KNC

—0—KNL
-------- Optimal| 4

—o—KNL
-------- Optimal| §

1,000

10 10
11 2 8 16 32 64 128 256 11 2 8 16 32 64 128 256
OMP threads OMP threads

Xeon Phi 7210
matrix 2 4 8 16 32 64 | 128 192 256
V, 197 393 780 1557 30.36 57.92 | 57.08 50.57 49.34
Kn, 201 395 7.78 15.03 28.34 49.17 | 55.92 51.02 47.30
20 / 24

Jan Zapletal (1T4l) BEM for many-core architectures



Numerical experiments ACA assembly

SIMD scalability, ACA assembly, 256 points per simplex

Single-layer matrix, aca, double, (4,4,4,4) Double-layer matrix, aca, double, (4,4,4,4)

[-0—2xHSW —0—KNC —0—KNL -------- Optimal]

[-0—2xHSW —0—KNC —0—KNL -------- Optimal]

0.1
1 2 4 8 1 2 4

Register size Register size

architecture threads matrix SSE4.2 AVX2 IMClI AVX-512

Vi 190 226 @ — —
Xeon E2680v3 24 K, 1.98 227 — —
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SIMD scalability, ACA assembly, 256 points per simplex

Single-layer matrix, aca, double, (4,4,4,4) Double-layer matrix, aca, double, (4,4,4,4)

t[s]

[-0—2xHSW —0—KNC —0—KNL -------- Optimal] [-0—2xHSW —0—KNC —0—KNL -------- Optimal]

1 2 4 8 1 2 4 8
Register size Register size

architecture threads matrix SSE4.2 AVX2 IMClI AVX-512
Vi 1.90 2.26 — —

Xeon E2680v3 24 K, 1.98 227 — —
. vV — - 2.94 —
Xeon Phi 7120P 244 K, _ 347 —
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SIMD scalability, ACA assembly, 256 points per simplex

Single-layer matrix, aca, double, (4,4,4,4) Double-layer matrix, aca, double, (4,4,4,4)

t[s]
t[s]

[-0—2xHSW —0—KNC —0—KNL -------- Optimal] [-0—2xHSW —0—KNC —0—KNL -------- Optimal]

1 2 4 8 1 2 4 8
Register size Register size

architecture threads matrix SSE4.2 AVX2 IMClI AVX-512
Vi 1.90 2.26 — —

Xeon E2680v3 24 K, 1.98 227 — —

. vV — — 294 -

Xeon Phi 7120P 244 K, _ 347 —
_ Vi 233 445  — 8.06

Xeon Phi 7210 128 Kn 196 371  — 543
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Conclusion

= KNL vs. HSW speedup

m Full -V}, 2.29, K;, 1.82,
m ACA -V, 2.64, Kj, 1.40.

m What we learned

= SIMD processing becoming more efficient with KNL,
= multi-core code benefits from many-core optimizations.

IIﬁII*lI

CPU  MIC CPU  MIC CPU MIC

= Work in progress

m object-oriented offload to Xeon Phi (full, ACA),
m load balancing for offload mode (full, ACA),
= massively parallel BETI with ESPRESO library (MPI, OpenMP, SIMD, offload).
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