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Task 1: Modeling (ca. 7 points)
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Consider two frictionless carts with the masses 3M and M. The left cart is connected to the
left wall by a spring with the stiffness k; and a damper with the damping coefficient ¢, the right
cart is connected to the right wall by a spring with the stiffness k.. The left cart is excited by
an external force F'. Additionally, both carts are coupled with a spring with a stiffness of £; 2. In
the equilibrium position p; = p» = 0 all springs are tension-free. All springs and dampers are

considered massless.
a) Use Newton’s second law to derive the equation of motion of the left cart in the form

p1 = f(p1,p1,p2, P2, F).

(ca. 2 points)

BMpr=F —kipi —cip1 + k12 (p2 —p1)
1

= —(=(k1 +Fki2)p1 —c1p1 +kigp2 + F)
3M

D1
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b) Use Newton’s second law to derive the equation of motion of the right cart in the form

ij - f(plaphp??ﬁ?aF)'
(ca. 2 points)

M po = k12 (p1 — p2) — kap2
1

P2 = i (k12p1 — (k2 + k12) p2)

c) Derive a state space model of the form x = Ax +bu, y = c'x. The input u is the
external force F' and the distance p, — p; shall be considered as output signal y. Use
the state vector x = [p1,p1,p2, p2] T

(ca. 3 points)

].)1 k (—)‘rk ! kO ! b1 v
. °11+R1,2 c °1,2 . 1
Py _ |\~ Tam a9 Py || p
D2 0 0 0 1] |p2 0
2 2k 0 —lthzogl |p 0

y=po—pr=[-1 0 1 0 [p1 p1 po o]
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Task 2: Laplace Transform (ca. 5 points)

The differential equation

g(t) +o(t) xy(t) = 2 u(t)

of a system is given. The initial value is y(0) =. Consider the following hints regarding notation
and the given Laplace correspondences.

a) Determine the step response h(t) and the impulse reponse ¢(t) of the system.

(ca. 3 points)

sY (s) —y(0) —l—éY(s) =2U(s)
- 2s
=Y(s) = o 1U(s)/
1 2

Us) = = = Y(s) = H(s)

s2 41

h(t) = 2sin(t)v’
g(t) = h(t) = 2 cos(t)v

Version: unspecified
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b) The system of differential equations is now given as

Yy=-—x+2u
&= f(y,x,u)

Compute f(z,y,u) such that the system of differential equations is equivalent to the
system from a).

(1)

(ca. 2 points)

6/28 Version: unspecified
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Task 3: Bode Diagram

(ca. 10 points)

The transfer function of a dynamic system can be represented by the series connection of the

two transfer functions G (s) and Ga(s):

G1 (8) GQ(S)

The following diagram contains approximations of the magnitude and phase response curves

for the element G (s). The transfer function G(s) is:

205 + 4000

G2(s) (s + 20>

Tasks: see next pages.

Version: unspecified
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a) Determine the corner frequencies of G2 (s) as well as approximations of the initial value
|G2(wmin)| @and gradient |G2(wmin)|” of the magnitude response in dB and dB/decade

and the initial value of the phase response ZG2(wpmin)-
(ca. 4 points)

Hint.' CUmln — 1071

Corner frequencies:

Ga(s) 20s + 4000 5/200 + 1
2(8) = =
’ (s +20)2 (s/20 + 1)2
. 1 1
17 200 A
1 1
Tio=— = 5= —— =20
1,2 20 w1,2 |T1,2|

Gain K = 10, no poles or zeros at 0:

= |G2(wmin)| = 20 log;,(10) = 20 dB
= |G2(wmin)|" = 0 dB/decade
= ZGQ(wm,’n) ~ 0°

b) Draw the approximation of the magnitude and phase response curves of G(s) in the

diagram on the next page. (ca. 4 points)
c) Finally, draw the approximation of the magnitude and phase response curves of the
entire system G(s) in the diagram on the next page. (ca. 2 points)
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Task 4: System Analysis / Steady-State Accuracy (ca. 3 points)
The following stable closed-loop system is given:

z
w 2(s+1) | o s+2 1 y

0.1s+1 sZ2+4s5+3 s2 +2s

A 4

R(s) Gi(s) Ga(s)

a) Evaluate the steady-state accuracy of the closed-loop system with regard to the ref-
erence tracking behavior of the control loop (reference variable: w) assuming a step
input in w and justify your statement.

(ca. 1 point)

Integration in R G G+, closed-loop stable = steady-state accurate reference tracking.

b) Evaluate the steady-state accuracy of the closed-loop system with regard to the dis-
turbance behavior of the control loop (disturbance variable: z) assuming a step input
in z and justify your statement.

(ca. 1 point)

No integration in R G; = disturbance behavior not steady-state accurate.

c) What type of the controller R(s) is used? If necessary, distinguish between ideal and
real implementation.

(ca. 1 point)

Real PD controller.

10/28 Version: unspecified



m Aptitude Test Automatic Control (SAMPLE) — SOLUTION
Prof. Dr.-Ing. Florian Holzapfel

Task 5: Input/Output Linearization (ca. 7 points)

Consider a dynamic system of the form x = f(x, u), y = h(x) with the states x = [z, 2, 23],
input signal v and output signal y:

x € R" f:R"xR—R" (x,u)—x%x
ueR h:R*" >R, x+—y

a) Describe in general terms the principle of input-output linearization for single input
single output (SISO) systems of this form.

(ca. 2 points)
The system output y is differentiated until an explicit influence by the input « appears at

derivative order r (the relative degree). Solving the relation between (;Z/) and w for the
input signal « yields a control law that compensates the nonlinearity of the system by

inversion such that linear input-output dynamics result, with the new input (g? acting as
pseudo-control.

In the following the system S is considered:

sin(zg) + (z2 + 1) z3
S f(x,u) = 20+ x3 ., h(x)=x1

x%—i—u

Version: unspecified 11/28
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b) Differentiate the output of the system S up to the relative degree and explicitly state
the relation to the input signal.
(ca. 2 points)

y=a

Yy = &1 =sin(ze) + (v2 + 1) 3

y—(COb T9 +x5) Zo+ (x2 + 1) 23

ij = (cos(w2) + x3) ( z + x3) + (29 4+ 1) (23 + )

c) State a pseudo-control variable v for the system S.
(ca. 1 point)

d) Calculate a control law v = g¢(x,v) for the system S that linearizes the dynamics
between v and y.
(ca. 2 points)

v — (cos(x) + a3) (@} + x3) — (w2 + 1) a3
(z2 +1)

u =

12/28 Version: unspecified
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Task 6: Nyquist Criterion

The following plot shows the open-loop frequency response G(jw) of the open-loop system
G(s) for all relevant frequencies w > 0. The closed-loop stability shall be assessed using the
general Nyquist criterion.
« Calculate the argument change W of G/(jw) + 1 required for closed-loop stability.

Im

» Determine the actual argument change W, .

» Determine the stability of the closed-loop system.

2

» one neutral and one unstable pole

™ 3m
+ 5 + 1 5
3
« from locus: W, = —g

G(s) = 220 exp(—s)

s Wy #W; = closed-loop system unstable

» alternative solution:

w € [—oo,00] = Wi=3nm#-3r=W,4

(ca. 3 points)

(s+0.05) (s —1)

s(s+10)2 (s —5)

Version: unspecified
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Task 7: State Observer (ca. 5 points)

The system X is given. To estimate its state x, a state observer L is used. The estimation error
x is defined as x := x — x.

DI x=Ax y=c'x
L: x=Ax—k(y—19) j=c'x
a) Derive the differential equation x = Ax for the estimation error dynamics.

(ca. 2 points)

X =x—X = §:X—§:A(x—i)+ch(X—i):(A—|—ch>§<
%
A

14 /28 Version: unspecified
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Now the following values are given:
-1 4 -2 T
A_[o —2}’ k_[o}’ c =[1 2|

b) Calculate the matrix A and its eigenvalues.
(ca. 2 points)

A=(A+kc")
-1 4 -2
=10 _2_+{0M1 2]
-1 4] N {—2 —4}
Lo -2 0 0
-3 0]
Lo -2
= )\1 -3
Ao = —2

c) Does the estimation error vanish for t — co? Justify your answer.
(ca. 1 point)

Re(Mp) <0 = limx=0

t—o00
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Task 8: Transfer Function (ca. 3 points)

Calculate the transfer function G(s) = ng)) for the system of second order differential equations
Mg=-Rq+ef

with the output equation 2 = a' q.
Hint: M € R™" R € R, q(t) € R, e € R™*! al ¢ R f(t) € R, z2(t) €R

Ms?Q(s) + RsQ(s) = e F(s) (1P)
(M s® 4+ Rs) Q(s) = e F(s)
Q(s) = (Ms? +Rs)  eF(s) (1P)
X(s) =a” Q(s)
X(s)=a' (Ms?>+Rs) e F(s) (1P)
G(s)

16/28 Version: unspecified
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Task 9: Control Design / State Feedback (ca. 6 points)
Consider the following system with state vector x, control input « and output signal y:

X:{_l 1}){—1—[0}71 y:[5 O]x
-1 -1 -1 N ,
A b ol

a) Calculate the feedback gain r of the following control law such that the closed-loop
eigenvalues become Ar 1, AR 2.

u = —rTX, r € R2, )\R,l = —2, )\R’Q = -3

(ca. 2 points)

r=[ry,m)"
Ap=A —br'
s +1 —1
(sI—Ap) = {1 —r1 S—ro+1
det(sI — Ag) = s2 + (2—719)s+(2—1r9—11) (1P)

Version: unspecified 17 /28
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b) The output signal y shall track the reference signal w with steady-state accuracy. Cal-
culate the corresponding parameter m,, of the following control law.

u=—r' X+ myw, my, € R, r = [—4, —Q]T
(ca. 4 points)
A,=A—br'
b, =bm,
s+ 1 —1
(sT = Aw) = { 5 s+ ?j (1P)
_ 1 s+3 1
ST B |
(s ) s244s4+8 L -5 s+1 (1P)
—om
Gmu ) = T"I_Aw ! w:riu 1P
Yy (b) c (5 ) b 82+4S+8 ( )
I )
1= 112(1) Gyu(s) = —gMu (0.5P)
8
= My = —— (0.5P)

5
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Task 10: Control Structures / Disturbance Rejection (ca. 5 points)

Consider the following system with reference signal w, control input u, output signal y, plant
G1(s)...G4(s) and controller R(s). The system is affected by the disturbance z, which is mea-
sured. A disturbance rejection filter F4(s) shall be designed.

***** Fa(s) |- Jz

. L I : y

) G4(8) b

a) Calculate the open-loop transfer functions G, (s) and G,.(s) from the control input
and disturbance to the output. Here, F4(s) = 0. (ca. 2 points)

\

Auxiliary cut v at the input to G:

v = (1 + GQ)Z + G1Gou — G2G4(1 + Gg)/U
G1G2

1+ G2G4(1+ G3)
14+ Gy

14+ G2G4(1 + G3)

= Guwl(s)|,_g =

= G'UZ(S)"H,:O =

Gyv - GS
G1G2G3
w(8) = 1P
= Guuls) 14+ G2G4(1+ Gs) (1P)
1
~ Gys) (1+ G2)Gs (1P)

- 1+ G2G4(1 + G5)

Version: unspecified 19/28
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b) Using the following transfer functions, calculate an appropriate disturbance rejection
filter F4(s) that can be implemented in practice. If necessary, apply a filter of the form
V' (s) (give reasons for this!).
Note: This task can be solved independently.

G s—2 oo _ 2s+1
Y9 (54 2)(3s2 + 135 — 8) Y5 352+ 1358
V(s):m T =001, a €R, m,n € Zso
(ca. 3 points)
u=Fuz
Y= Gyuu+ Gyz = (GyuF'a + Gy.)z L0vz
s+ 2)(2: 1
S P = —GylGy. = S22 D) (1P)

s—2

F4 iqear s unstable and violates causality. We need to cancel the unstable pole s; = 2
with a right half-plane zero and use a second-order low-pass filter to restore causality.(1P)

_os=2 o (s+2)@2s+1)  (s+2)(s+0.5)
Fa= oy e = g e =2 (001 + 102 "

20/ 28 Version: unspecified
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Task 11: Discrete-Time Control (ca. 3 points)

For the implementation of a discrete time filter on a digital micro controller the continuous time
transfer function G(s) shall be discretized and the difference equation of the discrete time filter
shall be derived.

Y (s) 20
U(s)  (s+10)

a) Derive the discrete time transfer function R(z) = ’58 The sampling frequency of the

discrete time filter is fr = 5 Hz. Use the following transformation:

1
s = T(l -z h

(ca. 1 point)

R(2) 20 20T
zZ) = —
1=z +10 (1—-z1)+10T
4 4z

T 3.1 32-1

R(z)
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b) Derive the difference equation for the computation of the filter output signal in the
following form:

(ca. 1 point)

c) At the time step £ = 1, a unit step signal is applied at the filter input: u[k > 0] = 1.
The initial output value of the filter is y[k = 0] = 4. What is the value of the filter output

signal y[k] at the time step k£ = 27 (ca. 1 point)

yl0] =4

1 8

]=-(4+4-1)=_

1) = 54 +4-1) =3

1,8 20

2l==(=+4-1)= —

y2= (G +4-1) =73

22 /28 Version: unspecified
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Task 12: Short Questions
Tick the correct answer.

a) Which of the following elements leads to steady-state accuracy?

(ca. 3 points)

Options

Antwort / Answer

Integrator

v

Differentiator

Low pass filter

High pass filter

(ca. 1 point)

b) The error signal of a standard feedback control system depends on:

Options Answer
Command and output signal. v
Command and plant input signal
Plant input and output variable.
Model parameters.

(ca. 1 point)

Version: unspecified
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c) An open-loop control system has the following property:

Options Answer
The input variables are dependent on the output signals.
The input variables are independent of the output signals. v
The input variables depend on the size of the system.
The input variables depend on plant parameters.

(ca. 1 point)

24 /28
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Additional Pages: Make sure to uniquely assign the notes to a specific subtask!
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