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Before this project...
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Background &Motivation

 Detecting changes in sequential or time series data has long been of interest

Xi Yi

i = 1, · · · , τ − 1

Xi Yi

i = τ, · · · , n

Xi your desire of ice cream, Yi your actual consumption of ice cream, and at τ you
found out that lactase pills are a thing!

Given: data X and Y
Ideal output: there is a causal change point at τ .
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Background &Motivation

 In economics literature, changes in how Y is a�ected by others are o�en referred to
as structural changes

 Here we consider observingmultivariate sequential datawhere the causal
structure a�ecting a particular variable changes
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Setup

We observe a sequence of independent {(Xi, Yi)}ni=1, where Xi ∈ Rd, Yi ∈ R with

Yi = fi(Xi, εi), i = 1, · · · , n.

Def. Causal Change Point (CCP)

We call the time points τ1, · · · , τJ−1 the complete set of causal change points
(CCPs) if for some J ∈ {1, . . . , n− 1} and {τ0, . . . , τJ} ⊆ {1, . . . , n}with
1 = τ0 < · · · < τJ = n, we have

fi =
J∑
j=1

fτj · 1(τj−1,τj](i),

and ∀k ∈ {1, · · · , J}, fτk 6= fτk−1 .
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Goals

Two goals:

1. Test existence of change points
for a time interval I = {t, · · · , t +m} ⊆ {1, · · · , n}

HCP
0 (I) :6 ∃k ∈ I s.t. k a CCP

2. Estimate the complete set of causal change points
this could be achieved based on Goal 1.
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Test existence of change points

Idea: Test existence of change points via testing the existence of an invariant set or
invariant function.

a. Invariant sets

b. Invariant functions

Note: Recall
HCP

0 (I) :6 ∃k ∈ I s.t. k a CCP,

ifHset
0 (I) orHfun

0 (I) is tested at the correct level, thenHCP
0 (I) is tested at the correct level.
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Test existence of change points

a. Invariant sets

Def. Invariant set

For a time interval I = {t, · · · , t + m} with t,m ∈ N, a set S ⊆ {1, ..., d} is
called invariant within Iwith respect to (X, Y) if for all i, j ∈ I

Yi|XSi
d
= Yj|XSj .

For a time interval I, we aim to test the hypothesis

Hset
0 (I) : ∃S ⊆ {1, · · · , d} s.t. S is invariant within I.
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Test existence of change points

a. Invariant sets
For a time interval I, we aim to test the hypothesis

Hset
0 (I) : ∃S ⊆ {1, · · · , d} s.t. S is invariant within I.

To achieve this, for each S ∈ P({1, · · · , d}) we test

HS
0(I) : S is invariant within I,

e.g. Chow test (Chow, 1960), and we rejectHset
0 (I) if we rejectHS

0(I) for all
S ∈ P({1, · · · , d}).

b. Invariant functions

Note: Recall
HCP

0 (I) :6 ∃k ∈ I s.t. k a CCP,

ifHset
0 (I) orHfun

0 (I) is tested at the correct level, thenHCP
0 (I) is tested at the correct level.

In the linear Gaussian case, this is essentially as in seqICP (Pfister et al., 2019).
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Test existence of change points

a. Invariant sets
b. Invariant functions

Def. Invariant function

For a time interval I = {t, · · · , t +m}with t,m ∈ N, a function f : X → R is
called invariant within Iwith respect to (X, Y) if for all i, j ∈ I

Yi − f(Xi)
d
= Yj − f(Xj).

For a time interval I, we are interested in testing the hypothesis

Hfun
0 (I) : ∃ f ∈ F s.t. f is invariant within I.
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Test existence of change points

a. Invariant sets
b. Invariant functions

For a time interval I, we are interested in testing the hypothesis

Hfun
0 (I) : ∃ f ∈ F s.t. f is invariant within I.

In this case, we could test

Hiv
0 (I) : ∀i ∈ I (∃ f s.t. Yi − f(Xi) is independent of the indices).

This may be related to exploiting the exclusion restriction of an instrumental
variable e.g., by using the Anderson-Rubin test (Anderson and Rubin, 1949).
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Estimate the complete set of causal change points

One way to achieve Goal 2 is to utilize the approaches for Goal 1.

i. Search for candidates of CCP

ii. Test each candidate by testing its surrounding intervals
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Estimate the complete set of causal change points

One way to achieve Goal 2 is to utilize the approaches for Goal 1.

i. Search for candidates of CCP

Conj. Any CCP induces a change in Y|X

Under certain faithfulness conditions, if k ∈ {2, · · · , n} is a CCP, then

Yk|Xk
d
6= Yk−1|Xk−1.

ii. Test each candidate by testing its surrounding intervals
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Testing a candidate (based on invariant sets)

Algorithm 1 Test a potential causal change point

Require: (X1, Y1), · · · , (Xn, Yn), a candidate k, confidence level α
1: Construct interval sets I1 = {1, · · · , k − 1} and I2 = {k, · · · , n}
2: for S ∈ P({1, · · · , d}) do
3: Compute the test statistic T(X, Y, I1, I2, S) and p-value pS
4: end for
5: Let p = max{pS : S ∈ P({1, · · · , d})}
6: return p < α
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Preliminary results

Data generating process:

1. 15 random DAGs with 6 nodes where node Y has 2 parents and 1 child.

2. total number of time points (n): 180× 2{1,2,3,4,5}

3. 1 CCP at 1/3 of and 1 distributional shi� in the covariates at 2/3 of the total number
of observations

4. 30 repetition for each DAG & sample size combination

Test: Chow test (Chow, 1960)

For this experiment, we only test the oracle candidates, meaning at the true CCP and the
time of distributional shi�.
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Preliminary results

The following compares the naive approach using Chow test and algorithm 1.
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Figure 1: Estimated level with binomial CI

0.00

0.25

0.50

0.75

1.00

180 360 720 1440 2880 5760
n_obs

po
w

er

test invariant set (Chow) naive (Chow)

Ground truth: CCP

Figure 2: Estimated power with binomial CI
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Summary

Í Goals:
1. Test existence of CCP
2. Estimate location of CCP

Í Approaches:
a. Invariant sets
b. Invariant function
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Open questions

á So far we used the oracle candidates. How to e�iciently and unbiasedly search for
candidates?

á The invariant function approach could be more computationally e�icient and more
general. What tests can be used to explore the exclusion restriction criteria in the IV
setup? E.g. time does not a�ect X linearly; in an under-identified situation?
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