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Problem
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We consider testing independence of two random vectors with 

absolutely continuous distributions based on finite observations.

X = (X1, X2, . . . , Xp)>
<latexit sha1_base64="xOOHkpTJKpsSuQbx/6/uNmQ0Iuw=">AAACG3icbZC7TgJBFIZn8YZ4Qy1tNoAJJoTs0mijIbGxxERwExY3s8MAE2Z2NjNnTciG3pfwFWy1tzO2FrY+icOlEPBPJvnyn3NyzvxhzJkGx/m2MmvrG5tb2e3czu7e/kH+8KilZaIIbRLJpfJCrClnEW0CA069WFEsQk7vw+H1pH7/SJVmMrqDUUw7Avcj1mMEg7GCfKHkhyL1xpdlL3ArXlCr+LwrQRuMzx58kHEpyBedqjOVvQruHIporkaQ//G7kiSCRkA41rrtOjF0UqyAEU7HOT/RNMZkiPu0bTDCgupOOv3L2D41TtfuSWVeBPbU/TuRYqH1SISmU2AY6OXaxPyv1k6gd9FJWRQnQCMyW9RLuA3SngRjd5miBPjIACaKmVttMsAKEzDxLWwJxThnQnGXI1iFVq3qOlX3tlasX83jyaITVEBl5KJzVEc3qIGaiKAn9IJe0Zv1bL1bH9bnrDVjzWeO0YKsr18/VZ/7</latexit><latexit sha1_base64="xOOHkpTJKpsSuQbx/6/uNmQ0Iuw=">AAACG3icbZC7TgJBFIZn8YZ4Qy1tNoAJJoTs0mijIbGxxERwExY3s8MAE2Z2NjNnTciG3pfwFWy1tzO2FrY+icOlEPBPJvnyn3NyzvxhzJkGx/m2MmvrG5tb2e3czu7e/kH+8KilZaIIbRLJpfJCrClnEW0CA069WFEsQk7vw+H1pH7/SJVmMrqDUUw7Avcj1mMEg7GCfKHkhyL1xpdlL3ArXlCr+LwrQRuMzx58kHEpyBedqjOVvQruHIporkaQ//G7kiSCRkA41rrtOjF0UqyAEU7HOT/RNMZkiPu0bTDCgupOOv3L2D41TtfuSWVeBPbU/TuRYqH1SISmU2AY6OXaxPyv1k6gd9FJWRQnQCMyW9RLuA3SngRjd5miBPjIACaKmVttMsAKEzDxLWwJxThnQnGXI1iFVq3qOlX3tlasX83jyaITVEBl5KJzVEc3qIGaiKAn9IJe0Zv1bL1bH9bnrDVjzWeO0YKsr18/VZ/7</latexit><latexit sha1_base64="xOOHkpTJKpsSuQbx/6/uNmQ0Iuw=">AAACG3icbZC7TgJBFIZn8YZ4Qy1tNoAJJoTs0mijIbGxxERwExY3s8MAE2Z2NjNnTciG3pfwFWy1tzO2FrY+icOlEPBPJvnyn3NyzvxhzJkGx/m2MmvrG5tb2e3czu7e/kH+8KilZaIIbRLJpfJCrClnEW0CA069WFEsQk7vw+H1pH7/SJVmMrqDUUw7Avcj1mMEg7GCfKHkhyL1xpdlL3ArXlCr+LwrQRuMzx58kHEpyBedqjOVvQruHIporkaQ//G7kiSCRkA41rrtOjF0UqyAEU7HOT/RNMZkiPu0bTDCgupOOv3L2D41TtfuSWVeBPbU/TuRYqH1SISmU2AY6OXaxPyv1k6gd9FJWRQnQCMyW9RLuA3SngRjd5miBPjIACaKmVttMsAKEzDxLWwJxThnQnGXI1iFVq3qOlX3tlasX83jyaITVEBl5KJzVEc3qIGaiKAn9IJe0Zv1bL1bH9bnrDVjzWeO0YKsr18/VZ/7</latexit><latexit sha1_base64="xOOHkpTJKpsSuQbx/6/uNmQ0Iuw=">AAACG3icbZC7TgJBFIZn8YZ4Qy1tNoAJJoTs0mijIbGxxERwExY3s8MAE2Z2NjNnTciG3pfwFWy1tzO2FrY+icOlEPBPJvnyn3NyzvxhzJkGx/m2MmvrG5tb2e3czu7e/kH+8KilZaIIbRLJpfJCrClnEW0CA069WFEsQk7vw+H1pH7/SJVmMrqDUUw7Avcj1mMEg7GCfKHkhyL1xpdlL3ArXlCr+LwrQRuMzx58kHEpyBedqjOVvQruHIporkaQ//G7kiSCRkA41rrtOjF0UqyAEU7HOT/RNMZkiPu0bTDCgupOOv3L2D41TtfuSWVeBPbU/TuRYqH1SISmU2AY6OXaxPyv1k6gd9FJWRQnQCMyW9RLuA3SngRjd5miBPjIACaKmVttMsAKEzDxLWwJxThnQnGXI1iFVq3qOlX3tlasX83jyaITVEBl5KJzVEc3qIGaiKAn9IJe0Zv1bL1bH9bnrDVjzWeO0YKsr18/VZ/7</latexit>

Y = (Y1, Y2, . . . , Yq)>
<latexit sha1_base64="CqJsfCnuYIF8IER3sfFee0+ZNbk="></latexit><latexit sha1_base64="CqJsfCnuYIF8IER3sfFee0+ZNbk="></latexit><latexit sha1_base64="CqJsfCnuYIF8IER3sfFee0+ZNbk="></latexit><latexit sha1_base64="CqJsfCnuYIF8IER3sfFee0+ZNbk="></latexit>

...
<latexit sha1_base64="XljY16wwmolMpiVIDbrNTsvLU0M=">AAAB/3icbVC7TgJBFJ3FF+ILtbTZCCZWZJdGK0NiY4mJPBLYkNnZWZgwj83MXRKyofAXbLW3M7Z+iq1f4gBbCHiSm5ycc2/uvSdMODPged9OYWt7Z3evuF86ODw6PimfnrWNSjWhLaK40t0QG8qZpC1gwGk30RSLkNNOOL6f+50J1YYp+QTThAYCDyWLGcFgpW61P4kUmOqgXPFq3gLuJvFzUkE5moPyTz9SJBVUAuHYmJ7vJRBkWAMjnM5K/dTQBJMxHtKepRILaoJsce/MvbJK5MZK25LgLtS/ExkWxkxFaDsFhpFZ9+bif14vhfg2yJhMUqCSLBfFKXdBufPn3YhpSoBPLcFEM3urS0ZYYwI2opUtoZiVbCj+egSbpF2v+V7Nf6xXGnd5PEV0gS7RNfLRDWqgB9RELUQQRy/oFb05z8678+F8LlsLTj5zjlbgfP0C2KyWPg==</latexit><latexit sha1_base64="XljY16wwmolMpiVIDbrNTsvLU0M=">AAAB/3icbVC7TgJBFJ3FF+ILtbTZCCZWZJdGK0NiY4mJPBLYkNnZWZgwj83MXRKyofAXbLW3M7Z+iq1f4gBbCHiSm5ycc2/uvSdMODPged9OYWt7Z3evuF86ODw6PimfnrWNSjWhLaK40t0QG8qZpC1gwGk30RSLkNNOOL6f+50J1YYp+QTThAYCDyWLGcFgpW61P4kUmOqgXPFq3gLuJvFzUkE5moPyTz9SJBVUAuHYmJ7vJRBkWAMjnM5K/dTQBJMxHtKepRILaoJsce/MvbJK5MZK25LgLtS/ExkWxkxFaDsFhpFZ9+bif14vhfg2yJhMUqCSLBfFKXdBufPn3YhpSoBPLcFEM3urS0ZYYwI2opUtoZiVbCj+egSbpF2v+V7Nf6xXGnd5PEV0gS7RNfLRDWqgB9RELUQQRy/oFb05z8678+F8LlsLTj5zjlbgfP0C2KyWPg==</latexit><latexit sha1_base64="XljY16wwmolMpiVIDbrNTsvLU0M=">AAAB/3icbVC7TgJBFJ3FF+ILtbTZCCZWZJdGK0NiY4mJPBLYkNnZWZgwj83MXRKyofAXbLW3M7Z+iq1f4gBbCHiSm5ycc2/uvSdMODPged9OYWt7Z3evuF86ODw6PimfnrWNSjWhLaK40t0QG8qZpC1gwGk30RSLkNNOOL6f+50J1YYp+QTThAYCDyWLGcFgpW61P4kUmOqgXPFq3gLuJvFzUkE5moPyTz9SJBVUAuHYmJ7vJRBkWAMjnM5K/dTQBJMxHtKepRILaoJsce/MvbJK5MZK25LgLtS/ExkWxkxFaDsFhpFZ9+bif14vhfg2yJhMUqCSLBfFKXdBufPn3YhpSoBPLcFEM3urS0ZYYwI2opUtoZiVbCj+egSbpF2v+V7Nf6xXGnd5PEV0gS7RNfLRDWqgB9RELUQQRy/oFb05z8678+F8LlsLTj5zjlbgfP0C2KyWPg==</latexit><latexit sha1_base64="XljY16wwmolMpiVIDbrNTsvLU0M=">AAAB/3icbVC7TgJBFJ3FF+ILtbTZCCZWZJdGK0NiY4mJPBLYkNnZWZgwj83MXRKyofAXbLW3M7Z+iq1f4gBbCHiSm5ycc2/uvSdMODPged9OYWt7Z3evuF86ODw6PimfnrWNSjWhLaK40t0QG8qZpC1gwGk30RSLkNNOOL6f+50J1YYp+QTThAYCDyWLGcFgpW61P4kUmOqgXPFq3gLuJvFzUkE5moPyTz9SJBVUAuHYmJ7vJRBkWAMjnM5K/dTQBJMxHtKepRILaoJsce/MvbJK5MZK25LgLtS/ExkWxkxFaDsFhpFZ9+bif14vhfg2yJhMUqCSLBfFKXdBufPn3YhpSoBPLcFEM3urS0ZYYwI2opUtoZiVbCj+egSbpF2v+V7Nf6xXGnd5PEV0gS7RNfLRDWqgB9RELUQQRy/oFb05z8678+F8LlsLTj5zjlbgfP0C2KyWPg==</latexit>

Data:
(X1,Y1)

<latexit sha1_base64="b+2Z1tgIXII5PNxy1xGRiykCHzw="></latexit><latexit sha1_base64="b+2Z1tgIXII5PNxy1xGRiykCHzw="></latexit><latexit sha1_base64="b+2Z1tgIXII5PNxy1xGRiykCHzw="></latexit><latexit sha1_base64="b+2Z1tgIXII5PNxy1xGRiykCHzw="></latexit>

(X2,Y2)
<latexit sha1_base64="zBAiB6YL5oBD1rLBecHk2mC5lNk="></latexit><latexit sha1_base64="zBAiB6YL5oBD1rLBecHk2mC5lNk="></latexit><latexit sha1_base64="zBAiB6YL5oBD1rLBecHk2mC5lNk="></latexit><latexit sha1_base64="zBAiB6YL5oBD1rLBecHk2mC5lNk="></latexit>

(Xn,Yn)
<latexit sha1_base64="W4vAtUmoq9WCUfIB7eHbnhjX3n0="></latexit><latexit sha1_base64="W4vAtUmoq9WCUfIB7eHbnhjX3n0="></latexit><latexit sha1_base64="W4vAtUmoq9WCUfIB7eHbnhjX3n0="></latexit><latexit sha1_base64="W4vAtUmoq9WCUfIB7eHbnhjX3n0="></latexit>



Paradigm
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Criteria:

a long-standing problem

future work

rate-optimality

<latexit sha1_base64="vzIbSNVBmjGNpBksnUlgws/buN8="></latexit>

The test should be distribution-free, and directly imple-
mentable without the need of permutation.

<latexit sha1_base64="dS3m1oLPmLw0QsSVtjLa6jySQj4="></latexit>

The test should be consistent in a certain sense.

<latexit sha1_base64="WKxkGGzTOdp8sDl9NtpjIJz1lEU="></latexit>

The test should be optimal under certain standard.

<latexit sha1_base64="sCpwvsTeD3uz2+cNr15HWp7WA58="></latexit>

The dimension p should be allowed to be much larger
than the sample size n.



Bivariate case
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The test should be distribution-free

<latexit sha1_base64="Uwg9m7PZlAKmr1uZBmB7VL/VwiQ="></latexit>

For any test statistic based on ranks, its null distribution is
both determined and independent of PX,Y , i.e., the test is
distribution-free.

<latexit sha1_base64="5uV4KuMtDfAyvXgko/3bJGRLykw="></latexit>

Data: {(Xi 2 R, Yi 2 R), i 2 [n]} i.i.d.

Aim: testing if “H0 : X |= Y ” is true.

<latexit sha1_base64="jwRhg3e7+7a2umPhV6LtPYQ7Kok="></latexit>

The ranks ofX1, . . . , Xn are
uniformly distributed on the
set of all permutations of [n].

<latexit sha1_base64="Di1pXOead+Doa+NKx42gkcW/2HQ="></latexit>

UnderH0, the marginal ranks
of {Xi, i 2 [n]} and {Yi, i 2
[n]} are independent.



(Marginal) rank tests?
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...
<latexit sha1_base64="XljY16wwmolMpiVIDbrNTsvLU0M=">AAAB/3icbVC7TgJBFJ3FF+ILtbTZCCZWZJdGK0NiY4mJPBLYkNnZWZgwj83MXRKyofAXbLW3M7Z+iq1f4gBbCHiSm5ycc2/uvSdMODPged9OYWt7Z3evuF86ODw6PimfnrWNSjWhLaK40t0QG8qZpC1gwGk30RSLkNNOOL6f+50J1YYp+QTThAYCDyWLGcFgpW61P4kUmOqgXPFq3gLuJvFzUkE5moPyTz9SJBVUAuHYmJ7vJRBkWAMjnM5K/dTQBJMxHtKepRILaoJsce/MvbJK5MZK25LgLtS/ExkWxkxFaDsFhpFZ9+bif14vhfg2yJhMUqCSLBfFKXdBufPn3YhpSoBPLcFEM3urS0ZYYwI2opUtoZiVbCj+egSbpF2v+V7Nf6xXGnd5PEV0gS7RNfLRDWqgB9RELUQQRy/oFb05z8678+F8LlsLTj5zjlbgfP0C2KyWPg==</latexit><latexit sha1_base64="XljY16wwmolMpiVIDbrNTsvLU0M=">AAAB/3icbVC7TgJBFJ3FF+ILtbTZCCZWZJdGK0NiY4mJPBLYkNnZWZgwj83MXRKyofAXbLW3M7Z+iq1f4gBbCHiSm5ycc2/uvSdMODPged9OYWt7Z3evuF86ODw6PimfnrWNSjWhLaK40t0QG8qZpC1gwGk30RSLkNNOOL6f+50J1YYp+QTThAYCDyWLGcFgpW61P4kUmOqgXPFq3gLuJvFzUkE5moPyTz9SJBVUAuHYmJ7vJRBkWAMjnM5K/dTQBJMxHtKepRILaoJsce/MvbJK5MZK25LgLtS/ExkWxkxFaDsFhpFZ9+bif14vhfg2yJhMUqCSLBfFKXdBufPn3YhpSoBPLcFEM3urS0ZYYwI2opUtoZiVbCj+egSbpF2v+V7Nf6xXGnd5PEV0gS7RNfLRDWqgB9RELUQQRy/oFb05z8678+F8LlsLTj5zjlbgfP0C2KyWPg==</latexit><latexit sha1_base64="XljY16wwmolMpiVIDbrNTsvLU0M=">AAAB/3icbVC7TgJBFJ3FF+ILtbTZCCZWZJdGK0NiY4mJPBLYkNnZWZgwj83MXRKyofAXbLW3M7Z+iq1f4gBbCHiSm5ycc2/uvSdMODPged9OYWt7Z3evuF86ODw6PimfnrWNSjWhLaK40t0QG8qZpC1gwGk30RSLkNNOOL6f+50J1YYp+QTThAYCDyWLGcFgpW61P4kUmOqgXPFq3gLuJvFzUkE5moPyTz9SJBVUAuHYmJ7vJRBkWAMjnM5K/dTQBJMxHtKepRILaoJsce/MvbJK5MZK25LgLtS/ExkWxkxFaDsFhpFZ9+bif14vhfg2yJhMUqCSLBfFKXdBufPn3YhpSoBPLcFEM3urS0ZYYwI2opUtoZiVbCj+egSbpF2v+V7Nf6xXGnd5PEV0gS7RNfLRDWqgB9RELUQQRy/oFb05z8678+F8LlsLTj5zjlbgfP0C2KyWPg==</latexit><latexit sha1_base64="XljY16wwmolMpiVIDbrNTsvLU0M=">AAAB/3icbVC7TgJBFJ3FF+ILtbTZCCZWZJdGK0NiY4mJPBLYkNnZWZgwj83MXRKyofAXbLW3M7Z+iq1f4gBbCHiSm5ycc2/uvSdMODPged9OYWt7Z3evuF86ODw6PimfnrWNSjWhLaK40t0QG8qZpC1gwGk30RSLkNNOOL6f+50J1YYp+QTThAYCDyWLGcFgpW61P4kUmOqgXPFq3gLuJvFzUkE5moPyTz9SJBVUAuHYmJ7vJRBkWAMjnM5K/dTQBJMxHtKepRILaoJsce/MvbJK5MZK25LgLtS/ExkWxkxFaDsFhpFZ9+bif14vhfg2yJhMUqCSLBfFKXdBufPn3YhpSoBPLcFEM3urS0ZYYwI2opUtoZiVbCj+egSbpF2v+V7Nf6xXGnd5PEV0gS7RNfLRDWqgB9RELUQQRy/oFb05z8678+F8LlsLTj5zjlbgfP0C2KyWPg==</latexit>

...
<latexit sha1_base64="XljY16wwmolMpiVIDbrNTsvLU0M=">AAAB/3icbVC7TgJBFJ3FF+ILtbTZCCZWZJdGK0NiY4mJPBLYkNnZWZgwj83MXRKyofAXbLW3M7Z+iq1f4gBbCHiSm5ycc2/uvSdMODPged9OYWt7Z3evuF86ODw6PimfnrWNSjWhLaK40t0QG8qZpC1gwGk30RSLkNNOOL6f+50J1YYp+QTThAYCDyWLGcFgpW61P4kUmOqgXPFq3gLuJvFzUkE5moPyTz9SJBVUAuHYmJ7vJRBkWAMjnM5K/dTQBJMxHtKepRILaoJsce/MvbJK5MZK25LgLtS/ExkWxkxFaDsFhpFZ9+bif14vhfg2yJhMUqCSLBfFKXdBufPn3YhpSoBPLcFEM3urS0ZYYwI2opUtoZiVbCj+egSbpF2v+V7Nf6xXGnd5PEV0gS7RNfLRDWqgB9RELUQQRy/oFb05z8678+F8LlsLTj5zjlbgfP0C2KyWPg==</latexit><latexit sha1_base64="XljY16wwmolMpiVIDbrNTsvLU0M=">AAAB/3icbVC7TgJBFJ3FF+ILtbTZCCZWZJdGK0NiY4mJPBLYkNnZWZgwj83MXRKyofAXbLW3M7Z+iq1f4gBbCHiSm5ycc2/uvSdMODPged9OYWt7Z3evuF86ODw6PimfnrWNSjWhLaK40t0QG8qZpC1gwGk30RSLkNNOOL6f+50J1YYp+QTThAYCDyWLGcFgpW61P4kUmOqgXPFq3gLuJvFzUkE5moPyTz9SJBVUAuHYmJ7vJRBkWAMjnM5K/dTQBJMxHtKepRILaoJsce/MvbJK5MZK25LgLtS/ExkWxkxFaDsFhpFZ9+bif14vhfg2yJhMUqCSLBfFKXdBufPn3YhpSoBPLcFEM3urS0ZYYwI2opUtoZiVbCj+egSbpF2v+V7Nf6xXGnd5PEV0gS7RNfLRDWqgB9RELUQQRy/oFb05z8678+F8LlsLTj5zjlbgfP0C2KyWPg==</latexit><latexit sha1_base64="XljY16wwmolMpiVIDbrNTsvLU0M=">AAAB/3icbVC7TgJBFJ3FF+ILtbTZCCZWZJdGK0NiY4mJPBLYkNnZWZgwj83MXRKyofAXbLW3M7Z+iq1f4gBbCHiSm5ycc2/uvSdMODPged9OYWt7Z3evuF86ODw6PimfnrWNSjWhLaK40t0QG8qZpC1gwGk30RSLkNNOOL6f+50J1YYp+QTThAYCDyWLGcFgpW61P4kUmOqgXPFq3gLuJvFzUkE5moPyTz9SJBVUAuHYmJ7vJRBkWAMjnM5K/dTQBJMxHtKepRILaoJsce/MvbJK5MZK25LgLtS/ExkWxkxFaDsFhpFZ9+bif14vhfg2yJhMUqCSLBfFKXdBufPn3YhpSoBPLcFEM3urS0ZYYwI2opUtoZiVbCj+egSbpF2v+V7Nf6xXGnd5PEV0gS7RNfLRDWqgB9RELUQQRy/oFb05z8678+F8LlsLTj5zjlbgfP0C2KyWPg==</latexit><latexit sha1_base64="XljY16wwmolMpiVIDbrNTsvLU0M=">AAAB/3icbVC7TgJBFJ3FF+ILtbTZCCZWZJdGK0NiY4mJPBLYkNnZWZgwj83MXRKyofAXbLW3M7Z+iq1f4gBbCHiSm5ycc2/uvSdMODPged9OYWt7Z3evuF86ODw6PimfnrWNSjWhLaK40t0QG8qZpC1gwGk30RSLkNNOOL6f+50J1YYp+QTThAYCDyWLGcFgpW61P4kUmOqgXPFq3gLuJvFzUkE5moPyTz9SJBVUAuHYmJ7vJRBkWAMjnM5K/dTQBJMxHtKepRILaoJsce/MvbJK5MZK25LgLtS/ExkWxkxFaDsFhpFZ9+bif14vhfg2yJhMUqCSLBfFKXdBufPn3YhpSoBPLcFEM3urS0ZYYwI2opUtoZiVbCj+egSbpF2v+V7Nf6xXGnd5PEV0gS7RNfLRDWqgB9RELUQQRy/oFb05z8678+F8LlsLTj5zjlbgfP0C2KyWPg==</latexit>

possibly correlated with

Tests built on marginal ranks are no longer distribution-free:

<latexit sha1_base64="xvT/xeyv8oM2m1Dak0w/rPjx8hA="></latexit>

Data: {(Xi 2 Rp
,Yi 2 Rq), i 2 [n]} i.i.d.

Aim: testing if “H0 : X |= Y ” is true.



Outline
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•Center-outward multivariate rank

•Discussion

•The proposed test



Solution
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•Center-outward CDF in general dimension

Center-outward population distribution function

<latexit sha1_base64="ExUU5ECrQACGS+9J3p8wuBjKeWo="></latexit>

F± = r 

a general absolutely 
continuous probability 
measure in dimenion d

spherical uniform 
measure over d-
dimensional unit ball



Solution
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•Center-outward CDF in general dimension

•Existence and uniqueness: Main Theorem in McCann (1995) 

optimal transport problem

<latexit sha1_base64="ExUU5ECrQACGS+9J3p8wuBjKeWo="></latexit>

F± = r 
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Solution
•Center-outward Empirical CDF in general dimension

Center-outward empirical distribution function



Solution

11

•Center-outward Empirical CDF in general dimension

T
<latexit sha1_base64="jM6EGeCtqvGh8o9G2ImVo62xs4Y="></latexit><latexit sha1_base64="jM6EGeCtqvGh8o9G2ImVo62xs4Y="></latexit><latexit sha1_base64="jM6EGeCtqvGh8o9G2ImVo62xs4Y="></latexit><latexit sha1_base64="jM6EGeCtqvGh8o9G2ImVo62xs4Y="></latexit>

S(n)d
<latexit sha1_base64="p/77/253/uDiCDWQomq5caxRy0E="></latexit><latexit sha1_base64="p/77/253/uDiCDWQomq5caxRy0E="></latexit><latexit sha1_base64="p/77/253/uDiCDWQomq5caxRy0E="></latexit><latexit sha1_base64="p/77/253/uDiCDWQomq5caxRy0E="></latexit>

assignment problem

consisting of n points  
that approximate the spherical uni-
form measure over the unit ball

<latexit sha1_base64="izp1kj22APNHGLQPLRP4t4XmiYY="></latexit>

{ui}ni=1 ✓ Rd

the collection of all bijective map-
pings between

<latexit sha1_base64="YJHlGGiVPcPlB4IzwgetYKuqQEs="></latexit>

{Xi}ni=1 and {ui}ni=1
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•Center-outward Empirical CDF in general dimension

Center-outward multi-rank is strongly consistent and distribution-free:

assignment problem

<latexit sha1_base64="ySkmLNlvR/Pb9rcZP1Uuwvbz6ds="></latexit>

Hallin et al. (2021): Let X1, . . . ,Xn be i.i.d. with absolutely

continous distribution Pd. Then���F(n)
± (Xi)� F±(Xi)

���
2

a.s.�! 0 as n ! 1,

and (F(n)
± (X1), . . . ,F

(n)
± (Xn)) is uniformly distributed over

all permutations of S(n)d .
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•Center-outward multivariate rank

•Discussion

•The proposed test
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•SRB’s insight:

<latexit sha1_base64="4BjglTUa1jrPj30itNjNdfHFHH0="></latexit>

The sample squared distance covariance is defined as

dCov2n

⇣
(Xi)

n
i=1, (Yi)

n
i=1

⌘
:=

✓
n

4

◆�1

X

i1 6=··· 6=i4

1

4 · 4!g(Xi1 ,Xi2 ,Xi3 ,Xi4)g(Yi1 ,Yi2 ,Yi3 ,Yi4),

where g(z1, z2, z3, z4)

:= kz1 � z2k2 + kz3 � z4k2 � kz1 � z3k2 � kz2 � z4k2.

<latexit sha1_base64="aAswyG+e6pqISMhbQ+35UV7TEc4="></latexit>

The squared distance covariance between two random vectors
X 2 Rp and Y 2 Rq with finite first moments, introduced
by Székely, Rizzo and Bakirov (2007), is defined as

dCov2(X,Y ) :=
1

cpcq

Z

Rp+q

k�X,Y (t, s)� �X(t)�Y (s)k22
ktk1+p

2 ksk1+q
2

dtds,

where �X , �Y and �X,Y are the individual and joint char-
acteristic functions of X and Y respectively.
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Proposal:
<latexit sha1_base64="kAzneGMFOUuJAxGqBmfHDqILC/U="></latexit>

Calculate center-outward ranks F(n)
X,±(X1), . . . ,F

(n)
X,±(Xn)

and F(n)
Y ,±(Y1), . . . ,F

(n)
Y ,±(Yn);

<latexit sha1_base64="3sW3gpbNNa88hPcGAeWoot2NJGE="></latexit>

Combine center-outward ranks with distance covariance,
obtaining the test statistic

cMn := n · dCov2n((F
(n)
X,±(Xi))

n
i=1, (F

(n)
Y ,±(Yi))

n
i=1);

<latexit sha1_base64="95bvjhoSS59lMGXKGHZaIgOxvxw="></latexit>

Reject H0 if cMn is large enough.

<latexit sha1_base64="4sThaCWhF7cNKAAIO4Hkz4doAiw="></latexit>

Data: {(Xi 2 Rp
,Yi 2 Rq), i 2 [n]} i.i.d. distributed

with absolutely continuous probability measures PX , PY .

Aim: testing if “H0 : X |= Y ” is true.
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•Multivariate Hájek asymptotic representation
<latexit sha1_base64="sKyOM2JiyX7NLs44DMQvYdUOu0s="></latexit>

Consider the “population” center-outward signed-ranks
FX,±(Xi) ⇠ Up and FY ,±(Yi) ⇠ Uq;

<latexit sha1_base64="ep5qAiyxxdg0dwvxoXg+G0cI7f0="></latexit>

Lead to the “oracle” test statistic:

fMn := n · dCov2n((FX,±(Xi))
n
i=1, (FY ,±(Yi))

n
i=1);

<latexit sha1_base64="co8I4GoegQtPjOmMSYnjMLQHVvw="></latexit>

Standard exercise (e.g. Jakobsen (2017, Theorem 5.10))
gives, under H0,

fMn
d!

1X

k=1

�k(⇠
2
k � 1),

where �1,�2, . . . are positive constants depending only
on p, q.
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•Multivariate Hájek asymptotic representation

<latexit sha1_base64="0k+zwj2psUHIXwz3UpVOqCtBc2I="></latexit>

As an immediate corollary,

cMn
d�!

1X

k=1

�k(⇠
2
k � 1).

<latexit sha1_base64="pog82X2m63Np7XSmh/39+uH71pw="></latexit>

Main Theorem (SHDH 2022). Let (X1,Y1), . . . , (Xn,Yn)
be independent copies of (X,Y ) with absolutely continuous

probability measures PX , PY and X and Y are independent.

Then it holds that

cMn � fMn = oP(1),

where

<latexit sha1_base64="HE52annrZw0+27DpoyL+itdH+8A="></latexit>

cMn := n · dCov2n((F
(n)
X,±(Xi))

n
i=1, (F

(n)
Y ,±(Yi))

n
i=1)

fMn := n · dCov2n((FX,±(Xi))
n
i=1, (FY ,±(Yi))

n
i=1).
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•Consistency

<latexit sha1_base64="FnxuqYOQmFxkzFm+Kl7mbMsraTY="></latexit>

Proposition (Uniform validity and consistency). The test T↵

is uniformly valid in the sense that

lim
n!1

sup
P2Pac

p ⌦Pac
q

P(T↵ = 1) = ↵.

Moreover, for fixed alternative such that X 2 Pac
p and Y 2

Pac
q are dependent, it holds that

lim
n!1

P(T↵ = 1) = 1.

<latexit sha1_base64="1ixzll5MIjI+quTgN/agEFbf918="></latexit>

The test based on cMn takes the form

T↵ := 1
�cMn > q1�↵

�
,

where q1�↵ is the (1� ↵)-quantile of
P1

k=1 �k(⇠2k � 1).
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Theory
•Local power

<latexit sha1_base64="YoF16FRmdoPlCRnzXIZbWfaXgCM="></latexit>

Proposition (SHDH 2022). If some regularity assumption

holds, we have that for any number � > 0 satisfying ↵+� < 1
there exists a constant c� > 0 only depending on � such that

as long as |�0| < c�

inf
T↵2T↵

P{T↵ = 0 | H1,n(�0)} � 1� ↵� �

for all su�ciently large n. Here the infimum is taken over all

size-↵ tests.

 
X
Y

!
:=

 
Ip �M

�M0 Iq

! 
X⇤

Y ⇤

!
= A�

 
X⇤

Y ⇤

!

<latexit sha1_base64="EzzG//ttv9VnNRkasRpU94zwF3I="></latexit>

Sequence of local alternatives:
<latexit sha1_base64="is4CocORIz6OvGpEySj1c1lFljI="></latexit>

H1,n(�0) : � = �n, where �n := n
�1/2

�0
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Theory
•Local power

This is the detection boundary!

 
X
Y

!
:=

 
Ip �M

�M0 Iq

! 
X⇤

Y ⇤

!
= A�

 
X⇤

Y ⇤

!

<latexit sha1_base64="EzzG//ttv9VnNRkasRpU94zwF3I="></latexit>

Sequence of local alternatives:
<latexit sha1_base64="is4CocORIz6OvGpEySj1c1lFljI="></latexit>

H1,n(�0) : � = �n, where �n := n
�1/2

�0

<latexit sha1_base64="6/Aahca/dL+RBatJdshxXd3qWfc="></latexit>

Theorem (SHDH 2022). If some regularity assumption holds,

then for any number � > 0, there exists some su�ciently large

constant C� > 0 only depending on � such that, as long as

|�0| > C� ,

lim
n!1

P{T↵ = 1 | H1,n(�0)} � 1� �.

multivariate Hájek asymptotic representation and Le 

Cam’s third lemma!
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Goals to reach:

Yes, by distribution-freeness of multivariate ranks and  

Hájek asymptotic representation!

Yes, by consistency of distance covariance and P-a.s. 

invertibility of center-outward distribution function!

Yes, by multivariate Hájek asymptotic representation 

and Le Cam’s third lemma!

<latexit sha1_base64="vzIbSNVBmjGNpBksnUlgws/buN8="></latexit>

The test should be distribution-free, and directly imple-
mentable without the need of permutation.

<latexit sha1_base64="dS3m1oLPmLw0QsSVtjLa6jySQj4="></latexit>

The test should be consistent in a certain sense.

<latexit sha1_base64="WKxkGGzTOdp8sDl9NtpjIJz1lEU="></latexit>

The test should be optimal under certain standard.
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•Center-outward multivariate rank

•Discussion

•The proposed test (cont.)
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Proposal:
<latexit sha1_base64="kAzneGMFOUuJAxGqBmfHDqILC/U="></latexit>

Calculate center-outward ranks F(n)
X,±(X1), . . . ,F

(n)
X,±(Xn)

and F(n)
Y ,±(Y1), . . . ,F

(n)
Y ,±(Yn);

<latexit sha1_base64="xvT/xeyv8oM2m1Dak0w/rPjx8hA="></latexit>

Data: {(Xi 2 Rp
,Yi 2 Rq), i 2 [n]} i.i.d.

Aim: testing if “H0 : X |= Y ” is true.

<latexit sha1_base64="9A8PiK6bUGKz0i8wOsiUIVklDus="></latexit>

Compute cW(n)
J :=

1p
n

nX

i=1

JX

⇣
F(n)

X;±(Xi)
⌘
JY

⇣
F(n)

Y ;±(Yi)
⌘
,

where J(u) := J(kuk) u

kuk1[kuk6=0];

<latexit sha1_base64="DwGYQOTBP5tIxgxiM8N3JNJPuZY="></latexit>

Reject H0 if kcW(n)
J k2F is large enough.

<latexit sha1_base64="qGU9QNR+TyDMrCbuBGYFSihrnZo="></latexit>

e.g. J(u) = 1 (sign);
J(u) = u (Wilcoxon);

J(u) =
�
F�1
�2
d
(u)

�1/2
(vdW).
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Pitman efficiency
•Pitman efficiency

 
X
Y

!
:=

 
Ip �M

�M0 Iq

! 
X⇤

Y ⇤

!
= A�

 
X⇤

Y ⇤

!

<latexit sha1_base64="EzzG//ttv9VnNRkasRpU94zwF3I="></latexit>

Sequence of local alternatives:
<latexit sha1_base64="is4CocORIz6OvGpEySj1c1lFljI="></latexit>

H1,n(�0) : � = �n, where �n := n
�1/2

�0

<latexit sha1_base64="eaGR8+uCzky16n0e1PC9fAHXCsk="></latexit>

Theorem (SDHH 2021). If X⇤
and Y ⇤

are elliptically sym-

metric distributions satisfying some regularity assumption. Then,

the Pitman asymptotic relative e�ciency (ARE) of the center-

outward test based on the van der Waerden score functions�
F�1
�2
d
(·)

�1/2
with respect to Wilks’ test is larger than or equal

to 1.



Simulation

25

•Gaussian
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•Gaussian
<latexit sha1_base64="KS1Xh0+MUnSXXQhPPL6HHNoOJoM="></latexit>

n = 864, (p, q) = (3, 3)
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•Cauchy
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•Cauchy
<latexit sha1_base64="KS1Xh0+MUnSXXQhPPL6HHNoOJoM="></latexit>

n = 864, (p, q) = (3, 3)
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•Center-outward multivariate rank

•Discussion

•The proposed test
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•Computational complexity of optimal transport-based 
multivariate ranks.                                                
General dimension: Õ(n5/2) complexity,                            
and Õ(n3/2) complexity if using fast approximation;               
if dimension is 2: Õ(n3/2+𝛿) complexity,                           
and Õ(n5/4) if using fast approximation.

•See our papers SDH 2022 (JASA, 117:395–410), SHDH 2022 
(AoS, 50:1933–1959), and SDHH 2021 (arXiv:2111.15567v1) 
for more results.

•Future works: High-dimensional, Conditional independence 
testing…
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