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Setup

V : (R,≥R) → VectK

1 V is semi continuous: ∀s ∈ R, ∃ t ≥ s; αs,t′ is an isomorphism for
all s ≤ t ′ ≤ t

2 V admits a finite spectral set Sp(V)
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Setup

V : (R,≥R) → VectK

1 V is semi continuous: ∀s ∈ R, ∃ t ≥ s; αs,t′ is an isomorphism for
all s ≤ t ′ ≤ t

2 V admits a finite spectral set Sp(V)

Sp(V) :=
{c ∈ R

∣∣∃ r <R c αr ′,c is not an isomorphism ∀r ′ ∈ R with r ≤R r ′ <R c}

Sp(V) = {c1, c2, ..., ce} where c1 < c2 < ... < ce
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Setup

PV
s :=

∑
ci<s Im(αci ,s) ⊆ V(s) Past
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Setup

PV
s :=

∑
ci<s Im(αci ,s) ⊆ V(s) Past

GV
s as a complement of PV

s in V(s), i.e V(s) = GV
s ⊕ PV

s

Generation

gV
s,t := αs,t

∣∣
GV
s

where s < t
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Setup

PV
s :=

∑
ci<s Im(αci ,s) ⊆ V(s) Past

GV
s as a complement of PV

s in V(s), i.e V(s) = GV
s ⊕ PV

s

Generation

gs,t := αs,t

∣∣
GV
s

where s < t

AV
s as a complement of Ker(gV

s,ce ) ⊆ V(s) in GV
s , i.e

GV
s := Ker(gV

s,ce )⊕ AV
s
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Setup

PV
s :=

∑
ci<s Im(αci ,s) ⊆ V(s) Past

GV
s as a complement of PV

s in V(s), i.e V(s) = GV
s ⊕ PV

s

Generation

gV
s,t := αs,t

∣∣
GV
s

where s < t

AV
s as a complement of Ker(gV

s,ce ) ⊆ V(s) in GV
s , i.e

GV
s := Ker(gV

s,ce )⊕ AV
s

KV
ci ,ck

as a complement of Ker(gV
ci ,ck−1

) in Ker(gV
ci ,ck

)

Ker(gV
ci ,ck

) = Ker(gV
ci ,ck−1

)⊕ KV
ci ,ck
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Remark

This vector spaces are not canonically defined.
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Remark

This vector spaces are not canonically defined.

Claim

Bar(V) =
⊕

(ci<ck )
(C[ci , ck))nci ,ck

⊕
(C[ci ,∞))nci

nci ,ck = dim[KV
ci ,ck

] and nci = dim[AV
ci
]
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Remark

This vector spaces are not canonically defined.

Claim

Bar(V) =
⊕

(ci<ck )
(C[ci , ck))nci ,ck

⊕
(C[ci ,∞))nci

nci ,c−k = dim[KV
ci ,ck

] and nci = dim[AV
ci
]

Theorem

Following statements are equivalent:

(I) V ≃ W
(II) Sp(V) = Sp(W) and AV

ci
≃ AW

ci
and KV

ci ,ck
≃ KW

ci ,ck
, ∀ci < ck ∈ Sp(V)

(I ) =⇒ (II ) : easy !

Rojyar Rajabpour (University of Leipzig) Interval Decomposition of Persistence Modules and Coarse GrainingFebruary 8, 2023 10 / 27



(II ) =⇒ (I )

pointwise decomposition

V(s) =
⊕

ck>s K
V
s,ck

⊕
AV
s

⊕
PV
s
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(II ) =⇒ (I )

pointwise decomposition

V(s) =
⊕

ck>s K
V
s,ck

⊕
AV
s

⊕
PV
s

V(s) = GV
s

⊕
PV
s = Ker(gV

s,ce )
⊕

AV
s

⊕
PV
s =

⊕
ck>s K

V
s,ck

⊕
AV
s

⊕
PV
s

lemma

PV
s =

⊕
ci<s Im(gV

s,ci
)

since Im(gV
cj ,s

) ∩ Im(gV
ck ,s

) = 0V(s)
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lemma

PV
s ≃

⊕
ci<s A

V
ci

⊕
ci<s≤ck

KV
ci ,ck
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(II ) =⇒ (I )

Sp(V) = Sp(W) and AV
ci
≃ AW

ci
and KV

ci ,ck
≃ KW

ci ,ck
, ∀ci < ck ∈ Sp(V).

Goal:
Existence of two natural transformations ϕ : V → W and ψ : W → V such
that ϕ ◦ ψ = idW and ψ ◦ ϕ = idV .
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(II ) =⇒ (I )

Sp(V) = Sp(W) and AV
ci
≃ AW

ci
and KV

ci ,ck
≃ KW

ci ,ck
, ∀ci < ck ∈ Sp(V).

Goal:
Existence of two natural transformations
ϕ : V → W and ψ : W → V such that ϕ ◦ ψ = idW and ψ ◦ ϕ = idV .

From the point-wise decomposition :

V(s) =
⊕

ck>s K
V
s,ck

⊕
AV
s

⊕
PV
s PV

s ≃
⊕

ci<s A
V
ci

⊕
ci<s≤ck

KV
ci ,ck

W(s) =
⊕

ck>s K
V
s,ck

⊕
AW
s

⊕
PV
s PW

s ≃
⊕

ci<s A
W
ci

⊕
ci<s≤ck

KW
ci ,ck

=⇒
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Exsitence of the family of isomorphisms

V(s)
αs,t //

ϕs

��

V(t)

ϕt

��
W(s)

βs,t //W(t)

V(s) = AV
s

⊕
s<ck

KV
s,ck

⊕
ci<s Im(gV

ci ,s
)

W(s) = AW
s

⊕
s<ck

KW
s,ck

⊕
ci<s Im(gW

ci ,s
)
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Exsitence of the family of isomorphisms {ϕs}s∈R such that :

V(s)
αs,t //

ϕs

��

V(t)

ϕt

��
W(s)

βs,t //W(t)

V(s) = GV
s ⊕ PV

s = GV
s ⊕

⊕
ci<s Im(gV

ci ,s
)

Im(gV
ci ,s

) //

Λci ,s

��

Im(gV
ci ,t

)

Λci ,t

��
Im(gW

ci ,s
) // Im(gW

ci ,t
)

GV
ci

//

ϕci
|
GV
ci
��

Im(gV
ci ,s

)

Λci ,s

��
GW
ci

// Im(gW
ci ,s

)
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Coarse graining

⌈r⌉θ := min {s ∈ {mθ}m∈N0 | r ≤ s}

⌊r⌋θ := max {s ∈ {mθ}m∈N0 | r ≥ s}
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⌈r⌉θ := min {s ∈ {mθ}m∈N0 | r ≤ s}

⌊r⌋θ := max {s ∈ {mθ}m∈N0 | r ≥ s}

Lemma

⌈r⌉θ ≥ ⌊t⌋θ ⇐⇒ t − r < θ
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B =
⊕

(ci<ck )
(C[ci , ck))nci ,ck

⊕
(C[ci ,∞))nci

θ-coarse grained barcode

B̃θ =
⊕

⌈ci⌉θ<⌊ck⌋θ C[⌈ci⌉
θ, ⌊ck⌋θ)

n⌈ci ⌉θ⌊ck⌋θ
⊕

⌈ci⌉θ C[⌈ci⌉
θ,∞)

n⌈ci ⌉θ

dbott(B̃θ,B) ≤ θ
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Outlook

B̃θ =
⊕

⌈ci⌉θ<⌊ck⌋θ C[⌈ci⌉
θ, ⌊ck⌋θ)

n⌈ci ⌉θ⌊ck⌋θ
⊕

⌈ci⌉θ C[⌈ci⌉
θ,∞)

n⌈ci ⌉θ
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To get the idea of the proof:

Sp(V) = {c1, c2, c3}

Recipe !

start with oldest ones
B̃θ =

⊕
⌈ci⌉θ<⌊ck⌋θ C[⌈ci⌉

θ, ⌊ck⌋θ)
n⌈ci ⌉θ⌊ck⌋θ

⊕
⌈ci⌉θ C[⌈ci⌉

θ,∞)
n⌈ci ⌉θ

Choose Λc1,c3 : Im(gV
c1,c3) → Im(gW

c1,c3)

Define Γc1 : A
V
c1 → AW

c1

Γcj := (gW
cj ,ce

) ◦ Λcj ,ce ◦ (σ
V
cj ,ce

)−1

where
σWcj ,ce := gW

cj ,ce

∣∣
AW
cj
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Choose Θc1,c3 : K
V
c1,c3 → KW

c1,c3

Define Λc1,c2 : Im(gV
c1,c2) → Im(gW

c1,c2)

Λc1,c2 := gW
c1,c2 ◦ (Γc1 ⊕Θc1,c3) ◦ (σVc1,c2)

−1

where

σVc1,c2 := gV
c1,c2

∣∣
AV
c1
⊕KV

c1,c3
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lemma

PV
s ≃

⊕
ci<s A

V
ci

⊕
ci<s≤ck

KV
ci ,ck

Proof.

GV
ci
=

⊕
ci<ck

KV
ci ,ck

⊕
AV
ci

Im(gV
ci ,s

) ≃
⊕
s<ck

KV
ci ,ck

⊕
AV
ci

PV
s =

⊕
ci<s

Im(gV
s,ci

)

=⇒
PV
s ≃

⊕
ci<s

AV
ci

⊕
ci<s<ck

KV
ci ,ck
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Choose Λci ,ce : Im(gV
ci ,ce

) → Im(gW
ci ,ce

)

Define Γci : A
V
ci
→ AW

ci

Γci := gW
ci ,ce

◦ Λci ,ce ◦ (σ
V
ci ,ce

)−1

where σVci ,ce := gV
ci ,ce

∣∣
AV
ci
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Choose Θci ,ck : KV
ci ,ck

→ KW
ci ,ck

Define Λci ,s : Im(gV
ci ,s

) → Im(gW
ci ,s

)

Λci ,s := gW
ci ,s

◦ (Γci ⊕I (s) Θci ,ck ) ◦ (σVs,ci )
−1

where I (s) := {k ∈ N |s < ck}
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