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Setup

V: (R, ZR) — Vectk

© V is semi continuous: Vs € R, 3t >s; asy is an isomorphism for
alls <t/ <t

@ V admits a finite spectral set Sp(V)
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Setup
V: (R, >r) — Vectk

© V is semi continuous: Vs € R, 3t >s; asy is an isomorphism for
alls<t' <t

@ V admits a finite spectral set Sp(V)
Sp(V) =

{ceR |3 r <g ¢ ap cis not an isomorphism Vr’' € Rwith r <g r’ <g C}J

Sp(V) ={ci,¢,...,ce} Where c; < &2 < ... < Ce
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Setup
° P;} = ZC,’<S lm(aci75) < V(S)
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Setup

o PV =% _cIm(ags) CV(s) Past

o GY as a complement of PY in V(s), i.e V(s)=GY @ PY
Generation

° gV, = O‘S’t‘GSV where s <t
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Setup

o PV =3 _sIm(ags) C V(s) Past
o GY as a complement of PY in V(s), i.e V(s)=GY @ PY
Generation

° gopi= O‘S’t‘GSV where s < t

o AY as a complement of Ker(gl. ) CV(s) in G, i.e
GSV = Ker(gs‘fce) e Af
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Setup

o PY:= Y cws Im(ag,s) € V(s) Past

e GY as a complement of PY in V(s), i.e V(s)=GY @ PY

S
Generation
° ggft = as7t‘GSV where s <t

o AY as a complement of Ker(gl. ) C V(s) in G, i.e
GY = Ker(gslfce) o AY

o KY . asa complement of Ker(g) . ) in Ker(g).,)

Ker(ggf,yck) = Ker(ggf.,ck_l) @ Kgf’ck
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Remark

This vector spaces are not canonically defined.
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Remark
This vector spaces are not canonically defined.

Claim

Bar(V) = @ (¢ <) (Cleis k)™ B(Clci, 00))™i

Nej e, = dim[Kgﬁck] and n, = dim[AY]
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Remark
This vector spaces are not canonically defined.

Claim
Bar(V) = @ <c,)(Cleis ck)) ™% B(Clci, 00)) "

Nee—k = dim[KY . ] and n., = dim[AY]

Theorem
Following statements are equivalent:
ORZ=2%%
(1) Sp(V) = Sp(W) and AY ~ A% and KY  ~ KX, V¢ < cx € Sp(V)

v

(I)=(Il): easy!
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(1) = (1)

pointwise decomposition

V(S) = ®Ck>s Kslka @ A}} @ 'D!
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(1) = (1)

V(S) = @ck>s S,Ck @AV®PV

pointwise decomposition J

V(s) = GY D PY = Ker(g2 ) DAY D PY = Do s Kio, DAY D PY

lemma
P;} = ®Ci<5 /m(gs\fc,) J

since lm(ggj’,,s) N Im(ggi,s) = Oy(s)
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lemma
Y v 1%
Ps — @c,-<s AC,' @ <s<ck KC:,Ck
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(1) = (1)

Sp(V) = Sp(W) and AY ~ AY and KY _ ~ KXV, V¢ < ¢ € Sp(V).

Goal:

Existence of two natural transformations ¢ : V — W and ¢ : W — V such
that ¢ oY) = idyy and ) o ¢ = idy.
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(1) = (1)

Sp(V) = Sp(W) and AY ~ A% and KY . ~ K", Vci < cc € Sp(V).

Ci,Ck CiyCk !

Goal:
Existence of two natural transformations
¢V —Wand ¥ : W — V such that ¢ oy = idyy and ¥ o ¢ = idy.

From the point-wise decomposition :

V()= Bess Ko, DAYDPY PV D AL Bcoce, Ko

W(S) = ®Ck>5 KS\,;Ck @ Al/v @ P;) PSVV = @C;<S ACi C,'<S§C/< ng\,)ck
=
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Exsitence of the family of isomorphisms

V(s) — V(1)

of s

W(s) —> W(t)

V(S) = A.]S) @S<C}< K;fck @C,‘<S lm(g(},),s)

W(S) = AZV @s<ck stgk G9<?,'<5 Im(ggYS)
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Exsitence of the family of isomorphisms {¢s}scr such that :

V(s) —= V(1)

of ]

W(s) —> W(t)

V(s) =6y @ Py =6l o, Ime,)

Im(gg ) — Im(g&,) GY —— Im(g¥ ,)
/\ci,sl LAci,t ¢c,~ |Gg) l j/\ci’s
Im(gt¥s) — Im(gl,) Gl —— Im(gl')
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Coarse graining

(1% :=min {s € {m0},,cpo | r<s}

Lrle :=max {s € {mO} o | r>s}
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[r1% :=min {s € {m0} oo | r<s}

Lrlo := max {s € {mO} no | r>s}

Lemma

[0 >|tlg — t—r<¥

o
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B= GB(C,-<C;<)(C[CI" ck))" < B(Clci, 00))"

f-coarse grained barcode
B® = @rcjo< e, ClIGT?, Lek o) M1 tode @By 0 Cll 1%, 00) Tl J

dbott(govB) < 6 J
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Outlook

Barcode C

BY = B g10< 10, U1’ Leklo)"o1 600 @ Cll 117, 00) e
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To get the idea of the proof:
Sp(V) = {c1, &2, c3}
Recipe !

K B — Ao ol ) — A g g

Alf 8 mz b K?jfs —>A2¥ B K;Yq elm[ggxq) - AQ 8 ’m(gﬁfq) # !m[g;?q)

start with oldest ones
iy n n
B% = @(ejo< e, ClTET Lek o) M1 Lerde @0 ClT ], 00) Ma1?
e Choose A, :Im(g) .,) — Im(g)’.,)
Define T : AY — AV
rq = (gz';\,}ce) o /\cj-,ce o (Ulj,ce )_1

where

w . W
Grce - 8gjice

AW

<
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ALDKE @ KY o —— AL DK @ Im(gl ) — AL & Im(g] ) @ Im(gy, ;)

C1,C2 €2,C3

w w w
AC1 ® KCl-,CE ® KCL.Cz €2,C3

@ Choose Occs : KX,% — Kc‘fq

Define Aqq: Im(gqu) — /m(ngYQ)

. w % -1
ACl,Cz ‘=8¢, ° (rcl D eC1,63) © (Ucl,cz)

where

% VY ‘
c1,0 1T gCl,C2 AK@KV

g
Cl ,53
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lemma

V o~ v v
Ps — @c,<s AC,' @C,‘<SSC/< KCiyck

Proof.
G =D Koo DA Imless) = D Koo DA
ci<cyk s<cCk
ci<s
—
1% 1% 1%
Pr=PA; D Koo
ci<s ci<s<ck
DJ
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@ Choose A, Im(ggf’Ce) — Im(gg?fCe)

o Define T : A]:/; — AZ’,V

W v -1
rCi T gc,-,ce © ACi,Ce o (Uc,-,ce)

vV SV
cice “— 8Bcisce| AV
1

where o
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@ Choose O, : Kgf}ck — KZYCk

o Define A Im(ggf’s) — lm(gZYs)

Aeis == gx\,js o (Mg Di(s) O¢c.) © (U;),Ci)_l

where /(s) := {k € N|s < ¢}
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