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Motivation comes from spatial biology
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/Can we extract meaningful features that capture
the spatial interaction of different types of cells?
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Standard persistent homology pipeline
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Standard persistent homology pipeline
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Those “kernel” features — formally
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Those “kernel” features — formally
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Computing kernel, image, cokernel PH

 Algorithm in [1] (2009)

« Setting for the algorithm
simplicial complex K
subcomplex L < K

filtration function f on K

L filtered by the restriction of f

[1] D. Cohen-Steiner, H. Edelsbrunner, J. Harer, and D. Morozov, “Persistent homology for kernels, images, and cokernels,”
in Proc. 20th Ann. ACM-SIAM Sympos. Discrete Alg., 2009, pp. 1011-1020



Computing kernel, image, cokernel PH

 Algorithm in [1] (2009)

« Setting for the algorithm
« simplicial complex K
 subcomplex L < K
« filtration function f on K
L filtered by the restriction of f

B (AU Ay) — K,
]\ ]\\/I K, = f710,7], L, =LnNf 0,7

BT(AO) — L,

[1] D. Cohen-Steiner, H. Edelsbrunner, J. Harer, and D. Morozov, “Persistent homology for kernels, images, and cokernels,”
in Proc. 20th Ann. ACM-SIAM Sympos. Discrete Alg., 2009, pp. 1011-1020



Computing kernel, image, cokernel PH

Cech complex? yes, but too big standard Delaunay/alpha complex? ~ Nno

K, = f_l[o,’l“], L, = me_1[07r]




Computing kernel, image, cokernel PH

Chromatic Alpha Complex’
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(*) For two colors defined by Y. Reani and O. Bobrowski as “A coupled alpha complex” in 2021. We generalize the
construction to any number of colors.
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Chromatic Delaunay complex, Del(x)
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Chromatic Delaunay complex, Del(x)

 Aisapointset, oisasetofcolors, y:A — oisachromatic point set

v € Del(4) v € Del(y)
iff iff
exists empty sphere passing exists stack of empty spheres
through its vertices passing through its vertices
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Chromatic alpha complex

stack radius = radius of its largest sphere

Every v € Del(y) has a unique smallest
empty stack passing through it

* minimum of a strictly convex function over a
convex region

4 Rad : Del(y) - R h
Radius function assigns to every v
the smallest radius of an empty
Kstac:k passing through it Y

[Chromatic alpha complex forr € R is )
Alf,(y) = Rad™1[0, 7]
o J
Alf,.(A) € Alf,-(y)
Alf,(4;) < Alfr(x),
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Chromatic alpha cplx = union of balls

 definition of chromatic alpha complex as the nerve of Voronoi balls
 a Voronoi ball of a is a ball B,-(a) clipped by the Voronoi domain of a
 in chromatic case we clip by Vor domain of a w.r.t. its color y(a)
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Chromatic alpha cplx = union of balls

4 Voronoi balls of v € A intersect

iff
3 empty sphere passing through v




Chromatic alpha cplx = union of balls
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Voronoi balls of v € A intersect
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Chromatic alpha cplx = union of balls

« Alf,(x) is the nerve of chromatic Voronoi balls of radius r
 the union of chromatic Voronoi balls = the union of balls
* Nerve Theorem = [Alfr()() ~ Ugea Br(a)]
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Chromatic alpha cplx = union of balls
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Computation

* As in mono-chromatic case, two steps:
« Compute chromatic Delaunay complex
« Compute the radius function
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Computation

* As in mono-chromatic case, two steps:
« Compute chromatic Delaunay complex
« Compute the radius function

stacks < spheres

| Del(y) = Del(4") |

where A’ is the lifting of A




Lifting in general

» Chromaticset y : 4 » g, A € R
+ Lift A’ € R**#o1
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The radius function is GDMF

* K simplicial complex, f : K = R monotonic

* la,y] is aninterval of f if VB € |a,B]: f(B) = f(a)
* f IS generalized discrete Morse function
If the maximal intervals of f partition K

The radius function Rad : Del(y) - R is
a generalized discrete Morse function.
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Short exact sequences in a six-pack
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kernel relative cokernel
0.40 o b -
0.35 1 . :
O O

0.30

025) /

0 — ker, ¥ — Hy(L,) — im, it — 0
0.15 &

0.10+

0 — im, ¢, —— H,y(K,) —— cok,is — 0

r

0.05 1

0 — cok, it — H,(K,,L,) — ker,_1i7 — 0

0.00 4,

0.40] IDgm,, (f2)ll, = [Dgm,, (ker fr = fx)l, + [Dgm,(im fr — fx)l,
IDgm,, (fx)|l, = [[Dgm,,(im fr, — fx)ll, + [ Dgm,(cok fr — fx)ll,

IDgm,, (fx,z)ll, = [|[Dgm,(cok fr = fx)ll, + [[Dgm,,_, (ker fr, = fx)Il,

0.35

0.30

0.25 1

0.20+

0.15+

0.10 %

0.05

0.001)
0.000.050.100.15 0.20 0.25 0.30 0.35 0.40 0.000.050.100.15 0.20 0.25 0.30 0.35 0.40 0.000.050.100.15 0.20 0.25 0.30 0.35 0.40
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More than two colors?

» Six-pack is defined for some subcomplex
* A meaningful choice: k-chromatic subcomplex

L={veDelly|#x(v) <k}

 For three colors we have three options:
* mono-chromatic = everything
 bi-chromatic - everything
* mono-chromatic = bi-chromatic

* Fourth option - relative:
* bi-chr. / mono-chr. = everything / mono-chr.




3-color examples
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3-color examples
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3-color examples
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3-color examples
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3-color examples
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3-color examples
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